Lectures EEL 6545

1. Introduction. The Additive Law (1/9/2017)

2. Conditional Probability, Permutations/Combination, pdfs, delta Functions (1/18/2107)
3. pdfs, Cumulative distributions, Expected Values, Change of Variable (1/23/17)

4. pdf Formulation of Conditional Probability, Gaussian Distribution, Bivariate pdf Theory,
Bivariate Gaussian (1/25/17)

5. Bivariate Gaussian, Sums of RandomVariables, Central Limit Theorem (1/30/17)

6. Statistical Description of Random Processes, Examples (2/1/17)

7. Prediction. Stationarity and Ergodicity of Data. (2/6/17)

8. Convergence in Probability. Estimating Autocorrelations from Data (2/8/17) (ok)

9. Time Averages versus Ensemble Averages, Impulse Response and Convolution, Fourier
Theory (2/15/17)

10. Fourier Analysis in One Hour (2/20/17)

11. Wiener-Khitchine Theory, Bartlett's Method (2/22/17)

12. Power Spectral Density, Impulse Response/Transfer Function, White Noise (2/27/17)
13. ARMA, Yule-Walker (3/1/17)

14. Random Sine Wave, Bernoulli, Binomial, Poisson, Shot Noise (3/6/17)

15. Queueing Theory (3/8/17)

16. Frequency Domain, Random Arrivals (3/20/17)

17. Random Walk, Wiener Process, LMSE Prediction for a Random Process (3/22/17)

18. Review of Power and Noise in Electrical Circuits, Wiener Filter, Kalman Filter (3/29/17)
19. More Kalman Filter (4/3/17)

20. Transfer Function review (4/5/17 "first copy")

21. Still More Kalman Filter (4/5/17 "second copy")

22. Markov Processes (4/12/17)
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Chapter 1 Probability Basics: A Retrospective
1.1 What Is "Probability"?

1.2 The Additive Law

1.3 Conditional Probability and Independence
1.4 Permutations and Combinations

1.5 Continuous Random Variables

1.6 Countability and Measure Theory

1.7 Moments

1.8 Derived Distributions

1.9 The Normal or Gaussian Distribution

1.10 Multivariate Statistics

1.11 Bivariate probability density functions
1.12 The Bivariate Gaussian Distribution

1.13 Sums of Random Variables

1.14 The Multivariate Gaussian



Figure 1.1 Billiard balls and sky
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Figure 1.2 The Universe of Elemental Events
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Figure 1.3 The truth set of statement A
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Figure 1.4 Additive Law of Probability

U n
P(A§B) = p(A) + p(B) - p(A@B)




Prob(ball is prime) = 6/15

(2,3,5,7,11, 13)

Pr(ball is prime, given ball is
striped) = 2/7
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Figure 1.5 Universe

Figure 1.6 Conditional universe, given A

p(A) =Y p(x) P(AIA)=D p(x|A)=1

p(x) _ A) = P)
2y ! p(x|A) )
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Figure 1.7 a priori Universe
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Figure 1.8 Conditional Universe

p(x)
B| A)= A)=
p(B| 4) I;,mp(xl ) ,gr:mp(A)

p(A M B)
(A) ,E;‘f( 18 p(4)
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Bl = Y pixl = Y P2

e dnB xedAnB .F(A)
- _ P4 B)
oy 2 PO=

A AnB)= p(A)p(B| 4)= p(B)p(4| B)

)= p(B)p(4| B)
p(4)

Bayes’ Theorem

p(B| 4



(Remember)

Prob(ball is prime) = 6/15

(2,3,5,7,11,13)

Pr(ball 1s prime, given ball is
striped) = 2/7
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P(balls 11 orl3)

~ p(balis 9 through 15)
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A and B are independent when any of the following equivalent conditions are true:

p(Bl4) = p(B)

P(AB) = p(4)

p(An B) = p(4)p(B)
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HAUB)=
XA)+ p(B)- KA B)

p(AnB)= pf(A)p(B| 4) 5 p(B) p(4| B)

p(B | 4)p(4)
p(B)

Independence

AN B)= p(4)p(B)

p(4|B)=

15
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p(Box 1)=p(Box 2) =.5

If Box 1 1s selected, p(1st resistor
conducts) = 90/100; same for
p(2nd resistor conducts)

But p(2nd resistor conducts | 1st
resistor conducts) = 89/99

So p(both resistors conduct)
= [90/100] [89/99]

PAnB)= p(A)p(B| 4)= p(B)p(4]| B)

p(one or the other conducts)

90/100 + 90/100 - [90/100][89/99]
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p([Box 1] & [1st or 2nd resistor

conducts])
+ p([Box 2] & [1st or 2nd
resistor conducts])

AGw) *+ (@) - () )
2l o) + Gao) — o) G

= Prob(parallel circuit conducts)
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If the parallel branch does not
conduct, what 1s the probability that
the resistors come from box 1?

) p(B)p(4|B)

B|A
p(B| o)

p(Box 1 chosen | parallel doesn't
conduct)

p(parallel doesn't conduct | Box 1)
X

p(Box 1)

p(parallel doesﬁ't conduct)
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p(Box 1 chosen | parallel doesn't
conduct)

p(parallel doesn't conduct | Box 1)

1 -
£90/100 + 90/100 - [90/100][89/99]}

X
p(Box 1) 1/2

p(parallel doesn't conduct)

AGw) + () - (%) )
2l Goo) + (50) — (o) G}

20



|11 (500)*(500)~ (a0 G2}

131 (50) +(556)~(550) (55) 2 (556) + (30)~ (355) (5))

Assignment (not graded):
Problem 3b and 3d.



How many ways
are there of ordering

the set of numbers
{1,2,3,4}?
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[lxxx] [2xxx] bxxxl [4xxx]



[lxxx] [2xxx] bxxxl [4xxx]

h2xx] R1xx B1xx] [41xx
h3xx] 23xx] B2xx|] [42xx]

h4xx] 2a4xx] [34xx] [43xx



Ixxx] Rxxx PBxxx [#xx
——————————
12xx] [21xx] B1xx] [41xx]
13xx] 23xx B2xx] [42xx
14xx] 24xx] [34xx] [43xx
1234 [2134 [3124] [4123]
1243 [2143 [3142] [4132]
1324 [2314 3214 [421]3
1342 [2341] 3241 [4231]
1423 2413 [3412] [4312]
1432 2431 [3421 [4321]
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4x3x2(x1) =4

Permutations The number of
permutations of n objects
equals n!

There are about one trillion ways
of lining up all 15 billiard balls:

15! = 1.3077x10'*
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How many ways are there of selecting
a pair (like 1 and 3) from [1 2 3 4]?

h2:34 [2134 *31:24* [41:23]
h2:43 [21:43] *31:42* [41:3 2
*13:24* [23:14 [p2:14] [42:173
*13:42]* [23:41] [B2:41 [42:31
h4:23] [24:13] [34:12] [4322]
h4:32 [24:31] [34:21] [43:21]
Number of permutations

divided by
number of times a pair gets counted.
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Combinations The number of
combinations of n objects,
taking n, at a time, equals

.
n!(n—n)!

Among a set of 15 unpainted billiard

balls, there are 6,435 ways of selecting

the 7 balls to be painted with stripes:
151/(7!8!) = 6,435.

28



Partitions The number of ways of
partitioning 7 objects into sets of

S1ze 1y, Ho, ..., Ny

(wWhere n =n; + n, + ... + n; ) equals

mn
nint---n!

245:1011131415:136789 12}

151/(315171) = 360,360

29
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snider
Pencil
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Independence

pAnB) = p(A)p(B)

P(ANB) = P(A) x P(B)

> b = LZ x l X [Z P

XEANB
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4 Jx(x)

Figure 1.9 Probability density function
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2/3

4 fx(x)

1/3

Figure 1.10 Skewed pdf
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Jx(x)

a b
Figure 1.11. fx(2) 20, L)‘}(l) d=1
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— 4 fx(x)
= 1/2
1/6
| . «x
-1 1 4
area Jx )
= 12
1/6
l I x
T 1 4
area Jx (x)
= 12
1/6
I I x
-1 1 4

Hx)=0if x#0 é‘(x)

ié‘(x)dx =1

&)

H"
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Lecture 3 1/23/2017

A ()
(172) 1/6
\
<1 1 4 4

Figure 1.14 and 1.15
Mixed discrete and continuous pdf

A Jx(x)

J(x) 8(x) = /(0) 5(x)

Ax) 8(x-x0) = flxo) d(x-x0)
[ ()8 —xo)dx = [ f(x0)8(x—x0)dx = f(x,)
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snider
Text Box
Lecture 3 1/23/2017


A fx(x)

Fy (x)

(1/4)

Figure 1.16 Cumulative distribution function
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Summary: Important Facts about Continuous Random Variables

fx(x) 1s the probability density function ("pdf")

fx(x) dx equals the probability that X lies in the infinitesimal interval x < X < x + dk.

The delta-function property: T f(x)8(x—x,)dx = _Tf (x0) 8(x — xp)dx = f(x,)

Cumulative Distribution Function: F,(x)= I fr(&)dE

Conditional pdf:
fx(x) .. . .
Fera() = [_P(A} if x is in the truth set of A
xjalx) =
0  otherwise

38



#] .5000000000...
#2 .33333333333...
#3 .70710678118...
=4 .78539816339...
#n KX «

Figure 1.17 Proposed enumeration of (0,1)
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The first moment is the mean of X and is often denoted px.

@®

Ifo(x)dx: 1y =X =E{X}

—m

Jix)

(1

Jilx),

(IIZ)f f(uz)
X

-1/2 1/2

172

JSilx)
an3), 1(2!3)
* sai
-1/2 12
& X
Ji(x)
(1/2)
(1/4) (1/4)
4 4 . X
172 1/2
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JSi(x) py=0

(1)

Jax),

S, pr=1/6

-1/2

Jilx), My =

(IIZ)f f(lm
> X

-1/2 1/2

(1/3) 1(213)
4 X
iy =0 172 1/2
> X
1/2
Jilx) My =0
1/2)
(1/4) (1/4)
4+ 4 X

-1/2 1/2
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The second moment of X is its mean square,

j x 2 f(x)dx=X* = E{X*}.

To get the "spread"” of the curve,
we want the average distance
from the mean.

But that's zero.

E{X-ux} = I(x py) fr(x)dx = 0.

So we take the expected value of (X-ux)?

(which is always positive), and then

take the square root.

"root-mean-square" is called the standard deviation ox:

= \/_T(x,uX)z Jx(x) dx = ‘\/E{(X_.”X)z} -

42



Sx), oy =

ey

Jax),

S, pr=1/6

-1/2

Ji), My =

(1 r‘Z)f f(l /2)
e -

-1/2 1/2

(1/3) 1@3)
4 . X
py =0 -1/2 1/2
P
1/2
Jilx) Hye =0
(1/2)
(1/4) (1/4)
4+ 4 X
172 1/2
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JSix)

4y

Jil),

(m)f

-1/2

sy =0 fﬂ{'x:l,. Hy = 1/6
o, =0 oy =23
(1/3) 1(2}3)
> X ‘ > &
Sdx),  ou, =0 -1/2 1/2
Oy = lf\fﬁ
1
» X
-1/2 1/2
Hy = S(x) Hy =0
oy =1/2 oy =1/+/8
1/2)
(1/2) (1/4) ( (1/4)
t o i 4 4 X
1/2 172 1/2
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Second-moment identity

T 2 2 2
X =X +oy=uy+oy .
R
ox? = E{(X-pux)?}
= E{X? - 2Xux + px?)
= E{X?} - 2E{X}ux + px?

= E{X?} - 2ux? + ux?

2
-

- F‘/‘X'
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characteristic function of X, ®x(o):

| D ()= j e fo(x)dx.

o

D (0) o= [€ fr(x) x| p=1;

—x0

4

CDX(Q’) |o=0= J.ixemx Jfx(x)dx|,_,=iE{X}
(@) ]o= [0 ™ fr(x)dx], = PE(X")

D (@) o= [ (@) €™ fr(x)dx |, o= E{X’}
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Summary: Important Facts about Expected Value and Moments

Expected Value: i 2(x) fi(x)dx = g(X) = E{g(X)}
Generating Function: @, (@) = ]Ee“*”‘ fy(x)dx= E{e'™}

Moments:  E{X"} = I X" fo(x)dx=i"DP(0) ],

EX}=p, =X, EX*} =X

Standard Deviation: Oy ‘\/I(x-ﬂx)l Sr(x)dx= JE{(X—}&-)I} :

Second Moment Identity: ~ X* = 3 + 07 .

47



Figure 16. Change of (random) variable
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dy = g'(x) dx

) dy = fx(x) dx
M) =fx(x) / g'(x)

Figure 1.19 Change of (random) variable
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Jx(%)

X2 X1
—r — —
dx; dx;
%
»y
e

=g dx;

Figure 1.20 Changing variables
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SN——

Jx(x)

dy = |g'(x,)| dx;

+ g'(xy) dx,

A2 X1
—r — —
dx; dx,
%
»)
e Ve <
dy

51



ary: Important Facts about Change of Variable

Jx(x;)
df of y = g(x): Jy (V)=
pdfof y = g(x): fy(¥) gf"ef%’gﬁ' g'(x)]

E{ aX+b} =apnx+b, cauxp=la| ox.

52



ry: Important Facts about Change of Variable

Jx(x)
dfof y =g(x): fr(¥)=
p O y g(x) f }/) p}%{gﬁl g1 (xj)l

E{ aX+b} =aux+b, Guxp=lal ox.

L expressed in terms of y =

x=g"

53
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1. How many ways are there of placinga 2.5"x3.5"x0.0115" playing card in a2.6"x3.6"x0.1115"
box? (Backwards, uspide down, ... ?7)

2. How many wavs are there of placinga 1" cube in a 1.1" cubic box?

55



The game show problem.

H.iﬂill[flllll Processes

for Engineers

Arthur David Snider

56



The game show problem.

'-gﬁﬁmlum Processes
for Engineers

Arthur David Snider
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The game show problem.

‘Random Processes
for Engineers

Arthur David Snider

Probability,

and §




dy = g'(x) dx

) dy = fx(x) dx
M) =fx(x) / g'(x)

Figure 1.19 Change of (random) variable
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nary: Important Facts about Change of Variable

pdf of y =g(x): fy(»)= Z Sx(x;)

preimagesl g ' (x;') |
of y

When y = ax + b = g(x)

Jox)

60



px<X<x+dx )= fdx) dx

What 18 fx4(x) ?

2 X X XX XXXXX22Xx2x2X
X X X X X X X X X xXx X XX
XX xXx X2 X
ZfX X X X X X\X X X X X X
!!!ﬁ!l!!!t!::
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The pdf formulation of conditional
probability

p( A and x<X<x+dx )

=p(A) X p( x<X<xt+dx GIVEN A)
SO
p( x<X<x+dx GIVEN A) =

p( A and x<X<x+dx )/ p(A)

62



p( x<X<x+dx GIVEN A) =

p( A and x<X<x+dx )/ p(A)

U

X X X X X X X X X
X X X X X X X X X

M M M M M M N M
H M H H H MM N N
H H H H H H N N
H H H H X M M M

M M
K W
®/S "
N O~
<
o J
‘\
_—
X X X )
B M MK KB M X M &

X X X X X X X X

If x 1s in the truth set of 4 then
p( A and x<X<x+dx )

i1s  fx(x) dx.

Otherwise it 1s zero. So

fx(x)dx

fxja(x)dx = { p(4)

0 otherwise

if x is in the truth set of A
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fx(x)

fxja(x) = { p(4)

0 otherwise

if x is in the truth set of A

Suppose A is the statement "x > 5",
Then

[ x(x) :
—————— ifx>5
fxlA(x) = [ f5 fX(f)d‘f
0 otherwise
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Bell curve

Normal or Gaussian pdf
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(2ro?)!?

2.1% 136% | 34.1% | 34.1% 13.6% 2.1%

|

0.1%

u-3¢ u-2c u-o u u+c u+2c u+3c

(x-py
267

N(u,0) = fr(x) =€ -

67
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(x-p)
20'2

N(u,0) = fy(x)=¢ Py

(i) the denominator is simply the normalizing
factor that makes the total area equal to 1;
(ii) the numerator is the exponential of a
quadratic in x. In fact every function

ax? +bx+c

of the form € , with the appropriately
scaled denominator, is a normal probability

density function as long as a<0.
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B (x—p)’
267

N(u,0) = fr(x) =€ Py

ax’ +bx+c

Every function of the form €

is a normal probability density function

(Complete the square to express ax?+bx+c as
a(x-p)*+q, identify p as p,

identify ¢ as 1/V-2a, and

incorporate the factor e? into the normalization.
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_(-p)’

N(u,0) = fr(x)=¢ =

2ro”

Characteristic function for the normal
distribution:

o C(x—p)?
O, ()= Ie"""xe 20° J\27o? dx

—o0

— e (0'2602 /2)+ium

7



1ary: Important Facts about Change of Variable

pdfofy =g (0= 3 200

preimagesl g ' (‘xz' ) I

of y

E{aX+b} =aux+b, Gux=p=|a| ox.

So by shifting and rescaling you can
express N(p,q) in terms of the "standard"
N(0,1) and use tables of the latter to get
your integrals.
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"Univariate" pdfs

Jxx)

a b
Figure L11. fz(920, | fy(dc=1

"Bivariate" pdfs
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p(X lies in the interval [a,b] AND Y lies in [c,d])
bd
[[ for(x.p)dly

"bivariate probability density function"

p(X lies between x and x+dx and that Y lies between y and y-+dy)

Sr(xy) dx dy

74



probability that X lies in the interval [a,5]

= | Tfﬂ(x,y)dydx

x=a y=—o

= [ @y it f = [ rds

“marginal” probability density function.
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Y1

Y2

y3

Y4
Px(X) —

X1

Y32
%39
%32
$42

15/32

X2

%2

Va2

2
0

83,

X3

Va2

Vao

%
0

Y2

X4

Va2

Va0

%
0

Y2

Joint and marginal distributions of a pair of discrete,

random variables X,Y having nonzero mutual

information I(X; Y). The values of the joint distribution
are in the 4x4 square, and the values of the marginal

distributions are along the right and bottom margins.
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Expected Values for the bivariate
case

EgX1)} = [ [g2) fuy (x.p)ddly

— o0 —0o0

The bivariate mean of x:

Irxfw(X,y)dxdy: ]:x{T Sy (x,y)dyidx

—a0—00

=[x/ (@)de=px

(The same good news holds for gy or
any function of x alone!)
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Remember the second moment
identity?

Second-moment identity

X? :}2+0’§ E,U;-FO';
ox® = E{(X-px)*}
=E{X? - 2Xux + ux?}
= E{X?} - 2E{X}ux + px?

= E{X?} - 2ux? + ux?

Y
-

= X* - .

78



The bivariate second moment
identity

E{XY} = px py + E{(X-py)(Y-py) }

79



~
-

- 2 2 2
< +O_X:#/Y+G-‘X'

The bivariate second moment
identity

correlation covariance

|

E{XY} = py py + E{(X-pn)(Y-p)}
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INDEPENDENCE of bivariate
variables

p(AB) = p(A)

p(AnB) = p(4)p(B)
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INDEPENDENCE of bivariate
variables

far(xy) dx dy equals — {fxx) dxy times { f(y) dy}

fxr(x,y) = fx(x) fx(y) for independent variables.

82



Independent

83



fer(xp2)

S (e

Dependent

Mx 2y )

f:“’(xhy)
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Lecture 5
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Card trick probability:

52/52% = 1/52

86



fx(x)

fxja(x) = { p(4)

0 otherwise

if x is in the truth set of A

Suppose A is the statement "x > 5",
Then

fx(x)

fxja(x) = { I5 fx(@ag
0 otherwise

ifx>5

87



Conditional pdf's
The conditional pdf for X, given that ¥

takes the value y, 1s denoted fxyv(x|y);

p(x < X <x+db, given that Y=y) is fur(x|y) dx

"Y=y" e "Ylies between y and y+dy"

S (x,y)dxdy = f,(y)dy Xf)(\r(x|y)dx

)= Jo () fy(x,p)

fX|Y(x |y s :
B s

If X,Y are independent

_ Jx () (») _
Jxar(x[y) 0 Jx ()

88



Summary of Important Equations for Bivariate Random Variables

Bivariate pdf: probability that X lies between x and x+dx and that ¥ lies between y and y+dy

equals fry(x.y) dx dy .

Marginal pdf for X is fi(x) = j Fey)dy .

Bivariate mean = marginal mean: J' J'x S (X, y)dxdy = J'x Sy (x)dx=px.

Independence: fx¥(x.y) = fi(x) fi(y) . which implies E{gi1(X) g2(1)} = E{gq1(X)} E{g2(D)} .

covariance = cov(X.¥) = E{(X-px)(Y-ur)} .
correlation coefficient = pxy = cov(X.V)/(oror), — 1= p . =1,

correlation = E{XY} .

covariance = cov(X,Y) = E{(X-ux)(Y-ur)}
correlation coefficient
pxy = cov(X,Y)/(cx oY)

-1<p,y £1

correlation = E{XY}
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Summary of Important Equations for Bivariate Random Variable

Extended second-moment identity:
E{XY} = ux pr + E{(X-ux)(Y-ur)} = px pur + cov(X.Y) = prpy + pxy ox oy.

e _ fu(xy)
onditional pdf: (x| y)=2 22
C t pdf: fry(x|) 500

Conditional mean: uxr(y) = foxy(xly)dr .

-0

-]

Conditional standard deviation: oxx(y) = \I _‘-[’C — My, r(y)]l Sr (x| ¥)dx.

-0
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Normal or Gaussian distribution

Gy
Nuo)=f (x)=¢ 7 :
\N2mo”
_(.'c—_Lf)2 ,
If you were to [ € 2“r/ dx ﬂ' .
e V270t
(=)’ d
Ifyouwereto [ x - € 2cr:/ dx ﬁ‘
vouwersto [, Rl

_(-’fiﬂ?)l i
If you were to f_fo(x —u)? e 7 ~ dx ﬁ” .
\N27o

9



Normal or Gaussian distribution

)
20°
—e

-

N(p,0)=fr(x)= / :
* N2ro”

_(x,tfy ﬁ.

Ifyouwereto [ € 7 dx 1 .
vouverto Lo © 7/
_Gony’ %j_
If you were to [~ x - € 7 oy dx L u I
- 2ro?

(=) i
If you were to J.w (x—p)? - ¢ zcrh/\/— dx ﬁ- a?
e 276"
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Gaussian, or normal, bivariate distribution

If X and Y were independent and
normal, then

C(px)t (ay)’
e 20'_:} e 20’§
2no 270,
IRNCEY )1@—@)2 |
27n0 Oy

Ke Ax*+By *+Cx +Dy + E

If they are NOT independent, then

e Ax*+By *+Cx +Dy +E +Fxy
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Independent Normal

C(xpx)t ey’
20'_% 20'}3

" (x:- ) = ¢ ¢
S (3, \/272'0'}2( \/2710'}2,

_%[(J—O{%X')“+(}';ﬂ2}')']
— e X Y
2no Oy

Not Independent Normal

1 Xx—py)? x—p+ ) (v— (yv—py)*
B - [( /-;-,x) —2;9( My ) ( !"y)_l_ !?f) ]
2(1-p7) oy Ox Oy Oy

e

276 Oyl - p°
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Bivariate Gaussian

e
s

-
'l

px =y =0, ox =0y =1, p=0

»

‘esssgasas

-

X-axis

Uy =18, uy =-05, 0, =11, 0o =1, p=0

y-axis
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Gaussian, or normal, bivariate distribution

2 ) , 2
B 1 . [(x_ﬂjx) _zp(x_ﬂx)(J‘_ﬂy)+(}'_!iy) ]
2(1-p7) Oy Oy Oy oy

e

270 O/l = p’

If you were to

1 () 2p ) O—tr) (J‘*.n’lr)}]
w Ao 20-p%) o} oy %y o
[Z 7 e * ! dx dy
O 2 1-p°
O xOyN1—=p

"Il
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Gaussian, or normal, bivariate distribution

1 (-py)’ ,P(r—ﬂx)(."_ﬂ}')J(J'_.ﬂr):]
2. L 7 = ]
2(1-p7) e Gx Iy gy

(x, ) =¢
T (3 27:'0'X0'},\H1—p2

If you were to

1 (x—py) P& #,1)(} ,-'JJ) o #;

ok

© o, 2(1-p%) dx dv
A e 276 & \/72

4

T
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Gaussian, or normal, bivariate distribution

1 Cepy) 2p 0 ) tty) Gty JJ]

l(l—p: )l o’i- Oy oy =5
S
27’0}0’}’\/;

S (%, ) =€

marginal pdf for X'is N(u,, o)

If you were to

3

1 [(X—Fx) zp(l‘ﬂx)()“#r] (J'—#r)}]
20-p%) ol oy oy of

dy

276 ,6,4/1-p°

Jf:o fxy(xay): €

4

T

If you were to

LV ) Gou) G| Gos)
o oo 2-p") ok o o o
J‘ J‘ X - €
—00 J =00

dx dy
270 O 1= p°

4

"
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Gaussian, or normal, bivariate distribution

1 [(X—ﬂx)z 2p T Oty ) (3'*#:-)3]
2(1-p7) oy Oy Ir 0'12'

S (2, 3) =€ ;
o 270Gyl p~

marginal pdf for X'is N(py, o)

If you were to

1 r(x_f“,lr)1 zy(l‘ﬂx)(}—.ﬂr'] (J'—Fr}z]

21-p%) o} ox oy of dy
270 .G, \1- p’

J‘_‘:"OO f){}f(xsy) =€

7(3'_}’,1')2
20%

G

1 (x-uy) 2pCHe) (r=tty) u--a;-)!]
w o 21-p?) ok oy Oy o}
Jolox- €
-—00 J -0

! dxd
276 oy \J1-p? Y

If you were to

4

T
]
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1 X— 2 X— - V— 1v— 2
_ . [( 'u:xf) —2)9( Uy ) () ﬂy)+(, !:’?y) ]
2-pY) o2 or oy T o2

e

276 Oyl — p°

p is the correlation coefficient

p = E{(X-pux)(Y-uy)}/(cx o7)
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L o)’ Gmp) (=pty) =ty )
2.1 2 P ' 2 ]
2(1-p7) ox Oy Oy oy

e

276 G A1 - p°

Uncorrelated Gaussian variables are
independent.

All independent variables are
uncorrelated.

cov(X,Y) = E[(X-pux)(Y-up] = O
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_2 1l . [(A‘*ﬂl_\')' _2‘0(-’?;‘-")()()’;ﬂ}’)+(3’*#1:;')']
e (I-p%) e X ¥ Oy
2
2n0 oyl —p

The conditional pdf of X given ¥,

Sop x| »)= M is N(py(v), oxn(y))
Sy )

W) = i+ p = ), Oi(y) = O 1=

Y
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2 . B 2
B 1 . [(l*ﬂ;\') —2p(x Ay ) (y ﬂy)+(}’ !f)}’)
2(1-p°) oy Ox Oy gy

]
e

276 Gyl p’

The conditional pdf of X given Y,

Sy .
leY(x| V)= O , 18 N(pxi(y), oxix(y))
Sy
(o 2
Har(y) = oy +p—=(y = tay), oxx(y) =Oxy1=p
Y
If you divided
= I,,-‘;'U n;:‘\ » 3;,‘-‘;\'_-\“-"n-l"’"»“' ;:J"’:]

€

276 oyl - p’

4

o~ —iy)?/20% ﬁ'
by

2
Znoy
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L (o)’ ) o) (o) py)”

21 p%) o2 oy Oy of
2
27n0 Oyl —p

e

The conditional pdf of X given Y,

Sy x| »)= M is N(pyx(y), oxr(y))
fr(»)

WD) = fx + p (= ), Oxr(y) = 01"

Y

If you divided

L (o) ) Gop) 0-tty) | ()’

2(1-p%) ﬂ\ Ty Ty ﬂf

]
4

276 4oyl - p’

4

o~ -ny)?/[20% ﬁ'
by ———— .,

‘ 2
Znay

a .,
~Ge= [ + p=(y = 1)])? [2002(1-p?)]
Oy

V2m[ot(1 - p?)]

e
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The conditional pdf of X given Y,

.le’(xa y)

vy ( )=
SarCID==0 0

, 18 N(uxr(y), oxn(y))

O,
nar(y) = ty +p0—‘1(y—,uy), cx(y) =01 =p’

Y

After you learn what Y is,
if it's bigger than the

expected value py.
and 1f X and Y are positively correlated,

then you will expect X to be bigger
than its expected value py -

Furthermore the additional information
reduces the uncertainty in X.
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Summary of Important Equations for the Bivariate Gaussian

o (G ) Goun) Oman) G
21-p7) o3 ey N3 o
Bivariate Gaussian [y (¥, ) =€ 2
276 4O 1= p

[p = E{(X-px)(Y-py) }/(ox ©5)]

_(x-pp)”
la}

Marginal of bivariate Gaussian £, (x) =€ .
1’Zfrcr X

a. 2
Conditional of bivariate Gaussian [y, (x| })=N( 4y + p?x(y_#}'): Cyl=p7)
¥
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uy =18, uy =-05, 0, =11, 0, =1, p=0

y-axis
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Sums of Random Variables
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Table 1.1 Probabilities

X p(X=x) y p(Y=y)
0 0.2 2 0.3
1 0.3 3 0.4
2 0.4 4 0.1
3 0.1 5 0.2

If they are independent, what is
p(X+Y =15)?

p(X=0 & ¥=5) = p(X=0) p(¥=5) = (0.2) (0.2)
p(X=1 & Y=4) = p(X=1) p(¥=4) = (0.3) (0.1)
PX=2 & ¥=3) = p(X=2) p(¥Y=3) = (0.4) (0.4)

p(X=3 & ¥=2) = p(X=3) p(¥=2) = (0.1) (0.3)
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2

3

If they are independent, what is
p(X+Y =5)?

Table 1.1 Probabilities

p(X=x)

0.2

03

0.4

0.1

y

2

3

4

5

p(Y=y)
0.3
0.4
0.1

0.2

P(X=0 & ¥=5) = p(X=0) p(¥=5) = (0.2) (0.2)

p(X=1 & ¥=4) = p(X=1) p(¥Y=4) = (0.3) (0.1)

P(X=2 & ¥=3) = p(X=2) p(¥=3) = (0.4) (0.4)

p(X=3 & ¥=2) = p(X=3) p(¥=2) = (0.1) (0.3)

pXHY=2)=> p(X =x)p(Y =z —-x)

all x
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If X and Y are independent,

pX+Y=2)=3 p(X = x)p(Y =z - x)

all x

If X and Y are independent and continuous,
then the pdf for the sum Z=X + Yis

the convolution:

£ = [ £ (=)
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f,(2)= I fv(x) fy(z—x)dx (independent)
Strategy. We'll get 1, from f;y; we'll get
Jzx from f7x .
Proof. Remember Z=X+Y.

fzx(zlx) dz =
pz<Z<z+tdz|X=x)=p(z<X+Y<z+dz|X=x)

=p(z-x<Y<z-x-+d:|X=x)

= fualz-x | ) dz

independent — = fy{(z-x) dz so fzx(z|x) =fr(z-x) .

So fzd(z,x) = fx(x) fax(zlx) and
f,(2) = [" fox(z,x)dx
= [* fx(O)fy(z — x)dx
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f,(z)= I fv(x) fy(z=x)dx (independent)

Proof. ;emember Z=X+Y.

fax(zlx) dz =

p(z<Z<:z+dz|X=x)=p(z<X+Y<z+d:z|X=x)
=p(z-x<Y<z-x+ dz|X=x)\
= fualz-x | x) d=

independent — = fy(z-x) dz so fzx(z|x) =fr(z-x) .

So fzd(z,x) = fx(x) fzx(zlx) and
f,(2) = [ fix(z,x)dx
= [% f(Ofy(z — x)dx
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f,(z2)= J. fv(x) fy(z—=x)dx (independent)
Proof. Remember Z=X+Y.

fzx(zlx) dz =
p(z<Z<z+dz|X=x)=p(z<X+Y<z+dz|X=x)

Zp(:-x<Y<:-x+dz|X=x)\

= fund=x | x) =
independent — = fy(z-x) dz so fzx(z|x) =fr(z-x) .
* y
z+dz
X Y

So fzd(z,X) = fx(x) fax(zlx) and
f,(2) = " fax(z,x)dx
=7 fx()fy(z — x)dx
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fx+v(2) = fjooo fx(x) fy(z — x) dx
G

1. If X and Y are independent and
Gaussian, then X + Y 1s also Gaussian.

Ux+y = Ux T+ Uy
2 _ 2 2
Ox+y = Ox t+ Oy

2.1t X, X5, X;, ..., X, are independent,

not Gaussian, but have the same pdf, then
(X1 + X+ X5+ ...+ X, ]+n

has a pdf which approaches Gaussian as

n becomes large.

_ 2 _ 2
KUy x, = MUx , Oy x, = NOx

ox

BS xu/m = Hx s 0% xm = = OZXy/n =

SR
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1. If X and Y are independent and
Gaussian, then X + Y 1s also Gaussian.

Ux+y = Ux T Uy

2 _ 2 2
Ox4+y = Ox + Oy

Ux+y = ff(x + ¥ fxy (x, y)dx dy
= [ xfxy(x,y)dx dy + [[ yfyy(x,y)dx dy

= Ux + Uy

Og+y = ﬂ[(x +y =ty — ty )] fxy (x, y)dx dy
= ff [Cx — ux )] fxy(x, y)dx dy < 0%
+ 1y = 1y Yy, Y)dx dy  « o

+2 [ (x — py Y — py ) fyy (x, y)dx dy
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+2 ] (x = ux ) = pty M ey (x, y)dx dy
2 [ Cc = px )y =ty My (x, y)dx dy
2 [fCc = px )y = wy M (O fy ()dx dy
2 [ (e = px ) COdx [ (v — e )y )y

Hx — Ux Hy — Hy
But why is X+Y Gaussian?

fx+v(2) = fjooo fx(x) fy(z — x) dx

Fourier Convolution Theorem

FT{fxiy} = FT{fx} FT{fy}

(characteristic functions)
— equadratic equadratic

FT {fX+Y} — equadratic
So fy+y1s Gaussian.
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2.1t X1, X5, X;, ..., X, are independent,

not Gaussian, but have the same pdf, then
[Xi+ X+ X5+ ...+ X,]+n

has a pdf which approaches Gaussian as

n becomes large.

_ 2 _ 2
Uy x, = Ny, Oy x, = NOx

— 5)2( ox

— 2 —
ﬂZXn/n = Ux, G‘-Z}{an/n - 7 ’ UZXn/n - ﬁ

The pdf of X1 + X5 + X5+ ...+ X,
equals the pdf of X; convolved with the
pdf of X,, convolved with the pdf of X3,
and so on.

NO MATTER WHAT YOU START
WITH, IF YOU KEEP
CONVOLVING IT WITH ITSELF,
YOU'LL EVENTUALLY GET A
GAUSSIAN!
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Equations for Sums of Random Variables

Sum Z = X+Y: if X & Y are independent,
[ = [ [x(0) fy(z = x)dx

If X & Y are independent and Gaussian,

J2z2) = N(:ux +J"‘Y’\JO§’+O—}E)

Central Limit Theorem: if {X;} are 11d then

7= ZXr implies f,(z) ~, ... N(nﬂX:\/;O-X)a

i=1

<X> = lZXI. implies /., (X)~, . N(ﬂX,O'X/w/;)
n4
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The Multivariate Gaussian

oy = | ELX =103 E{(X—px)(r—n;,-)}]
E{(X )Y —p)y  E{(Y-4)}

~lx-slcont [x-al

H=* (27)"2.[del(Cov)
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WE 9 THE GAUSSIAN BECAUSE
1. The Gaussian's bell-shaped curve is ubiquitous in nature.
2. The Gaussian's pdf is characterized by 2 parameters:
mean and standard deviation.
(But this is true of many other distributions as well.)
3. Any linear affine transformation (aX+5) of Gaussian
variables i1s Gaussian. (So we only need to tabulate a

standardized version using [X-u]/c.)

4. Joint Gaussians have Gaussian marginals.

5. Joint Gaussians have Gaussian conditionals.
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WE 9 THE GAUSSIAN BECAUSE

covariance
6. Independence is equivalent to zero-correlation.

(This 1s true of some other distributions as well.)
7. Any sum of Gaussian variables is Gaussian.
8. Sums of large numbers of independent identically
distributed random variables have distributions that
approach Gaussian, even if the individual variables
are not Gaussian.

9. The Gaussian's characteristic function 1s Gaussian.
10. Any characteristic function whose logarithm 1s a

polynomial is the characteristic of a Gaussian.
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WE ™4™ the Gaussian because

X

you can't integrate e~ * in closed form.
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Lecture 6
(2/1/2017)
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Equations for Sums of Random Variables

Sum Z =X+Y: if X & Y are independent,
[22)= [ () fy(z=x)dx

If X & Y are independent and Gaussian,

Jd2) = N(ty + .,y 0y +07)

Central Limit Theorem: if {X;} are 11d then

7= "X, implies f;(2) ~, . N(nuig.\noy),

i=1

<X>= lZX; implies /., (x)~, .. N(HX,O'X/\/;)
ni3

—
|
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Chapter 2 Random Processes

2.1 Examples of random processes

2.2 The Mathematical Characterization of Random Processes
2.3 Prediction: The Statistician's Task
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Figure 2.1 Stock market samples
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Figure 2.2 3-year temperature chart

134






Figure 2.4 Shot noise
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Figure 2.5 Popcorn noise
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Figure 2.6 ARMA simulation

Autoregressive Moving Average
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THTHHHTHTH...

Figure 2.7 Bernoulli Process
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L 4

L 4

Figure 2.8 Random Settings for a DC Power Supply
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AL WAL v

AVAVE VAN

Figure 2.9 Random Settings for an AC Power Supply
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VA

Figure 2.10 AC Power Supply Voltages
with Random Phase
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the probability that the value of

X at time T lies between a and b

= fxbza fx@(x) dx
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s fx ) (%)
N i Y

X

continuous pdf
: s fX(‘r) (X)

f f' -

discrete pdf

" fX(r) (x)

-
X

deterministic pdf
(no uncertainty)

Figure 2.11 Continuous, Discrete, and Deterministic pdf's for a Random Process
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fx(:)(X)
/7

value

mean of X'
at time £

Figure 2.12 pdf's for X(t) at different times
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fra(x)

value
mean of X'
at time ¢
X f'

‘standard deviation of X~
at time ¢

o (X)
(112)

Jfx(x) for the Bernoulli Process
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Jar(x[y)

probability density for X(#,) taking the value x2,

given that X(#) took the value x;.

fX(r2)|X(r1)(xz | x1)‘
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joint pdf for X(#) and X(z2)

fX(r] )X (t,) (x,,x,)= fX(rl)(xl )f)((r2 )X (1) (x, [x)
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fX(r X()&X (1 (xy [ x,,x,)
DX (7)) &X (1)

f X (). X(1:).X(13) (x1 X35 xs)

= fX(rl)(xl)fX(rz)|X(rl)(x2 |xl)fX(r3)|X(r1)&X(rl)(x3 | X, X,)

fX(tl)(xl) = f_moo fX(tl),X(tz)(xl: xp) dx;)
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.fX(r:§)|X(tl)&X(r2)(x3 | X, X,)

fX(-'L)sX(«’g),X(I3)(x19x2;x3)

= fX(rl ) (x,) fX(r3)|X(rl)(x2 | X, )fX(ra)\X(fl)&X(fl) (x,

X, %, )

fX(tl)(xl) = f_oooo fX(tl),X(tz)(xlxe) dx; )

Gaussian random processes.

All f's are normal.
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.fX(r:5)|X(tl)&X(r2)(x3 | X, X,)

/. X(1).X(1,).X(t3) (xl 5 K55 X3 )

= fX(rl ) (x,) fX(r3)|X(rl)(x2 | X, )fX(ra)\X(fl)&X(fl) (x,

X, %, )

fX(tl)(xl) = f_oooo fX(tl),X(tz)(xlxe) dx; )

Independent random processes

-~ - ~ . . - ~ - -

fX(r3)|X(rl)&X(r2)(x3 | X, %,) = fX(r3)(x3)

/. X(t).X(15).X (1) (x,,%,,%;)

— fX(tl) (x1 ) fX(rz) (xz ) f){(r3 ) (x3 )
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QD

mean of X (1) = E{X(1)} = [x ) (x) dbv="p0,.(1)"

—0

autocorrelation of X(7) = correlation between X{(#1) and X{(#2)
— E{X(,)X(1,))
= _[ _['xl X fX(rll__X(r_,)(xl"xz) dx, dx,

—00—00

— "RX(.fl,fz )Tl
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mean of X (1) = E{X (1)} = :fxfwj(x)dx= " ()"

autocorrelation of X{(¢) = correlation between X(71) and X{(12)
= E{X (1) X (1)}

= _[ fxl Xy .f;\'(r,),X(:z](xlaxz)dxl dx,

—a0—00

="Ry(1,1,)"

autocovariance of X(f)

= correlation between [X(7,)— ¢, (#,)] and [X(7,)— p(7,)]

= E{[X (1) = (DX (1)) — gy (1,)]5

H = p (DI = 2 )] f v xr,) (X5 X, ) i, i,

—0o0 —an

— "CX (tljtz)"

What is Cy(t,t) ?
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mean of X (1) = E{X(1)} = [x fy (x)dv="p, (1)"
autocorrelation of X{(#) = correlation between X(#1) and X(12)
= E{X (1) X (1)}

= I fxl Xy .f/\'(r,)AX(.r:](XI’IQ)dx] dx,

="Ry(1,1,)"

autocovariance of X(7)

= correlation between [X(7,) — u,(#,)] and [X(7,)— p(7,)]

EA[X(#) =ty ()X () — 14 (1,)]}

H = p (DI = e )] ) xir,) (X5 X, ) i,

—o0 —a0

— "CX (tljtz)ﬂ

What 1s C(t, t) ?

2
o N
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mean of X (1) = (X (1)} = [ x £y, (x)dv="pe, (1)"
autocorrelation of X(r) = correlation between X{(11) and X{(r2)
= E{X(1)X(1,)}

@

= I J’xl Xy Syt iy (X%, dy dx,
="Ry(t.1,)"

autocovariance of X(7)

= correlation between [ X (#,)— u, ()] and [X(7,)— p,(1,)]

E{[X(’l) - ﬂx(’l)][X(’?_) - ﬂx(’z)]}

- _[ I[x1 = w010 = e (1) f ey vy (X5 X5 ) dx, dx,

—o0 — 60

"Cr(h.1)" = 2
w(en) [Cx(t, ©) = Oxw ]

correlation coefficient of X(7)

:PX(tlsfz) = Cx(rlsfz)/\/c){(flatl)cx(tzatz) )

—-1< pX(tlatz) <1
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o0

mean of X () = E{X ()} = j X fy(X)d=" 1, ()"

o

autocorrelation of X{(7) = correlation between X(#1) and X(#2)
= ELX ()X (1)}
- I jxl X5 Frtey xiey) (%15 X) A, dix,

—00—00

"Ry (1),1)"

autocovariance of X(7)

= correlation between [X (7)) — u,(#,)] and [X(7,)— u, (1,)]
= E{[X(1) = u (0)IX (1) = sy (1,)]}

0 o0

= _[ I[x1 — 1y (1)][x, — pty (12)]f)<(;, ).X(r:)(xlﬂxz)dxl dx,

—00 —a0

=" CX (Il N )"

Second Moment Identity

Ry (1,,1,) = Cy(1),1,) + pix (1) 1 (1,)
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mean of X(1) = E{X(1)} = [ fyy (¥)ds="11, (1)

autocorrelation of X{(7) = correlation between X(71) and X(12)

j _[xl X fX(rl),X(:l)(x] > xz)dxl dxz

—00—a0

=" RX (tlalz)"

autocovariance of X(7)

a0

- I J:[xl — My (W)X, — sy (tz)]fx(,] ).X(:;)(xl,xz)dxl dx,

—ao0 —a0

Second Moment Identity

Ry (t,1,) = Cy(8,8,) + piy () 5 (1)
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Two Random Processes X(7), Y(¢)

crosscorrelation
= correlation between X(71) and Y(12)
= E{X(1)Y(1,)}

= j _[xl Vs fX(tl),Y(tl)(xlayz )dx, dy,

—00—00

— n RXY (rl , 112 )ll

crosscovariance

= correlation between [X(#,)— u,(¢,)] and [Y(7,)— 4, (2,)]

= E{[X(Il)*ﬂx([l)][y(tz)*;u}'(rz)]}

- _‘. _l;[xl =y (0], — py (1,)] fx(rl]_y(fl)(xl,yz)dxl dy,

—0—0

="Cyy (1,1,)"
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Summary: The First and Second Moments of Random Processes

mean of X(1) = EQX()) = [x iy, (X)dbx="pa (1)"

autocorrelation of X{r) = correlation between A{t1) and X{12)
= E{X(,)X(,)}
= _[ jxl % Fraporen (% X3 )i, di;
=Ryt
autocovaniance of A{r) = correlation between [X(r,) — uy(r,)] and [X(r,) -y (2,)]
= E{[X(1) — sy ([X() - s (01}
- i j'[x: = e ())[X; =ty (1)) a0, (X X2) Ay diy

= “Cx(‘l £
correlation coefficient of X{r) = px(r,,1,) = Cy (cl,rz).',tcx (1) Cyls,13)
-l=p,(1.1,)=1

crosscorrelation of two random processes X{f) and ¥r)
= correlation between X{n1) and ¥(12)
= E{X(t)Y(t,)}
= TJ50 S,

-

= "Ry(t,,t)"

Ry(tysty) = Cyltita) + sy(h) sy (2)
Ryt 1)) = Crptsta) + () 4y 1)
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Example 1. For the Bernoulli process, the

probability of 0 (or 1) on a given toss is 0.5,
and the probability of O (or 1) on one toss

and 0 (or 1) on another toss is 0.52 = 0.25.
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uy(t) = (0.5) x 0+ (05) x1

= 0.5ift =0,+1, £2,--- (0-otherwise)
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pUy(t) = (0.5) x 0+ (0.5) x1

=0.5ift =0,+1, 12, (6-otherwise)
Rx(ty,t;) =
1 1 1 1
~(0x0)+-(0x1)+-(1x0)+-(1x1)
4 + 4 4

=% if t; # t,, both integers

1 1

Rx(t1,t2) =5(0%x0) +-(1x1)

:% if t; = t,, both integers

RX(tl,fz)EOGthEI’WISe .
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pux(t) =(0.5) x0+ (0.5 x1

=05ift =0,+1,+2, - (0-otherwise)

Rx(ty,t;) =
2(0%0)+5(0x 1) +;(1x0)+(1x1)
=% if t; # t,, both integers
Ry(ty, ) = 7(0 X 0) +2(1x 1)
2% if t; = t,, both integers
Ry (t4,t3).=.0.0therwise.. .
Ry (1,1,) = Cy(1,1,) + pay (1) 1 (1)
1

2
Cy(ty,ty) = i— (E) = 0ift, # t,, both integers

2
— G) — % if t; = t,, both integers

N =

CX(tl} tZ) =
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Ry (t,,1,) =Cy(t),1,) + py () 15 (1)

CX (t‘lr tZ) =

2
i_ (%) = 0if t; # t,, both integers

1 1\%¢ 1, .
- (5) = if t; = t,, both integers

Remember p < cov,
and p = 0 if they are independent !!!!
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Example 2. Suppose X(7) is a zero-mean

Gaussian process with autocorrelation function

Rx(t1,t) = eIt
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Example 2. Suppose X(7) is a zero-mean

Gaussian process with autocorrelation function

Rx(t1,tp) = eIt

(x-p)’
267

N(u,0) = fr(x) =€ -
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Example 2. Suppose X(7) is a zero-mean

Gaussian process with autocorrelation function

Rx(t1,t) = 4e~l0r~t2l

1 x— 2 X—HUy) (V- V— iy )
B . [( !éx') —2;0( My ) () ﬂy)+(, ﬂ:Y) ]
2(1-p7) oy Ox Oy Oy

e

276 Gyl p°

Xis X(t;) and Yis X(t,)

p is the correlation coefficient

p = E{(X-ux)(Y-ur)}/(cx o7)
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Example 2. Suppose X(7) is a zero-mean

Gaussian process with autocorrelation function

Ry(ty,t;) = 4e~Ia7tel
0

S ——

1 x— X—py)(yv— y— .
B . [( !éx') 2p( Hy) () ﬂy)+(, /Uzy) ]
2(1-p%) Ox Tx Oy Oy

e

276 Gyl - p°

p 1s the correlation coefficient

p = E{(X-po)(Y-un)}/(cx oy)
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mean of X (1) = ELX(1)} = [ fiq (x)dv="p1, (1)

autocorrelation of X{(7) = correlation between X(71) and X(z,)
= E{X(tl)X(lz)}
- j jxl x2 f‘XU]),-X(f‘:)(xl’x2) dxl dxz

—on—an

— " RX (tl , tz)"

autocovariance of X(t)

= correlation between [ X (1)) — (7)) and [X(1,)— . (1,)]

= E{[X(fl) — Hy (11)][/‘{(!2) - :uX(rz)]}

= I I[xl =y (D[, = 1y (0] fy ) xey) (X1 X, ),

—oD —o0

— HCX (rl ,[2 )!l
[Cx(t, ) = ox ]

correlation coefficient of X(7)

:PX(tptz) = CX(tl,tz)/\/CX(tl,tl)CX(tz,fz) ’

—-1< pX(tlatZ)Sl
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mean of X(1) = ELX(1)} = [ ¥ fr (1) dv=" 1y 1)

autocorrelation of X{(7) = correlation between X(#1) and X{(12)
= E{X(1)X(1,)}
= ]‘ Txl X5 [y xay) (X1%,) dx, dx,
= "IitXi(tl,tz)" \/
autocovariance of X(7)

= correlation between [X (7)) — u @1 ) and [X(7,)— y@tz )]

= E{LY0) QI ) i
I I[xl —W[xg - ﬂm]fX(rl),X(rg)(xlsxz)dxn di,

="C,(1,,)" = Rx(ty,t)
[Cx(t, 1) = O'X(t)2 ]

correlation coefficient of X(7) \/

=px(t.5,) = CX(tlﬂtz)/\/CX(tlﬂtl)CX(t29t2) >

—-1< pX(tlntz)Sl
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Example 2. Suppose X(/) is a zero-mean
Gaussian process with autocorrelation function
Ry(t,,t,) = 4elti~tal

(7) What is the probability that the value of X(7)

lies between 6 and 7?

X(7) 1s normal, so its pdf is normal

with mean and standard deviation

ux(7) = 0,05(7) =/Cx(7,7) =V4e """ =2

J/N(0,2) dx ~ 0.0011
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Example 2. Suppose X(7) is a zero-mean

Gaussian process with autocorrelation function
P
Ry(ty,t;) = 4e~lti7tzl,

(ii) If X(6) 1s measured and found
to have the value 1, what 1s the
probability that the value of X(7)

lies between 6 and 77

p = cov(X,Y)/(0x5,)

o)
Hyy = Hy "‘po__X(y — )

¥

_ 2
Oxy =0xyl=p
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p = cov(X,Y)/(0xay)

c
Hxy = Hx +pO_—X(y — Hy)

¥

— 2
Oxy =0xyl=p

Rx(ty, tp) = 4e~I0t!
(i1) If X(6) is measured and found

to have the value 1

)

Hx(7) = Kx(e) = 0,0x(7) = Ox(e) = V4€° =2,

4176l
Px(7)x(6) = ox2 =e 1 ~0.3769,

2
xnixe =0 +e 5 (1-0) =e™! ~ 03769,

Ox(7)x6) = 2V1—e™? ~ 1.8597.
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[_ p = cov(X,Y)/(ox0,)

o
Hyy = Hy +p = (y—1y)

0y

_ 2
Oyy =0xyl=p

Ry(ty, t;) = 4e~107%!

/ (i7) If X(6) is measured and found

s

2
Hx)xe =0+e™! E(l —0)=e"1!~0.3769,

O-X(7)|X(6) = 2V 1 —e 4 = 18597 .
7

fN(O.3769, 1.8597)dx = 0.0010
6
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Example 2. Suppose X(7) is a zero-mean

Gaussian process with autocorrelation function

RX(tll tz) = 4e_|t1_t2| .
(iif) What 1s the probability that X(6)

and X(7) both lie between 0 and 7?

l X— 2 xX— - V— V— 2
B . [( ;12,() —2,0( My ) () ﬂy)+(, ﬁ-;y) ]
2(1-p") Oy Ox Oy oy

276 Oyl = p’

Hx(7) = Hx(e) = 0,0x(7) = 0x(e) = V4e® =2,

e

4e~17-6l

— =1 ~
%2 e 0.3769.

Px(7)x(6) =

7
7
[ f(---)dx dy ~ 0.3095
0
0
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Example 3. Describe the mean and autocorrelation

of a switch that is turned on at a random time between
=0 and 7=1. That 1s, the process X(7) 1s zero for /<c and
one for 7>c, where c¢ is a random variable uniformly

distributed in [0,1].
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Example 3. Describe the mean and autocorrelation

of a switch that is turned on at a random time between
=0 and r=1. That is, the process X() is zero for <c and
one for £~c, where ¢ 1s a random variable uniformly

distributed in [0,1].

pat tor ¢

Figure 2.14 Random switching function

>
>

1 t

Figure 2.15 Probability that X(t) = 1 (and, the mean of X(t))

E{X(0)} = 0 x p[X()=0] + 1 x p[X(?) = 1]
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Example 3. Describe the mean and gutocorrelation

of a switch that is turned on at a random time between
=0 and r=1. That is, the process X(¥) is zero for r<¢ and
one for 7>c, where ¢ is a random variable uniformly

distributed in [0,1].

pdt tor ¢

Figure 2.15 Probability that X(t) = 1 (and, the mean of X(t))

X(t)X(t,) is either O or 1.

E{(X(t:)X(t2)}:
if min(t,, t,) < 0 certainly X(t,)X(t,) = O;
if min(ty, t,) > 1 certainly X(t)X(t,) = 1;
otherwise p[X(t1)X(t:) = 1] = min(t, t,) .
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Lecture 7
(2/6/2017)
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Example 2. Suppose X(/) is a zero-mean

Gaussian process with autocorrelation function

Ry(t,, t,) = 4eIti-tel |
(iii) What 1s the probability that X(6)

and X(7) both lie between 0 and 7?

1 X— 2 X— - V— V- 2
LU )t ) mtty) (=ty)?
2’ (1 _p ) O-‘\’ O-j' GY O-Y

276 Gyl - p°

Hx(7) = bx(e) = 0,0x(7) = 0x(6) = V4€° =2,

e

4e~17-6l
PXIX®) = 555 = e~! ~ 0.3769

7
7
[ [ 2axay ~ 03098
0

0
e
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Example 3. Describe the mean and autocorrelation

of a switch that is turned on at a random time between
=0 and r=1. That is, the process X(7) is zero for r<c and
one for £>c, where c is a random variable uniformly

distributed in [0,1]. ¢ 1S the turn-on time.

pdf for ¢

Figure 2.14 Random switching function € 1

p{X(¥)=1} = p{turned on before ¢}

=pic<t}
=01f<0, =11f>1,

t
=f(1)dt=t if 0<t<l1
0
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Example 3. Describe the mean and autocorrelation

of a switch that is turned on at a random time between
=0 and r=1. That is, the process X{f) is zero for r<c and
one for r>c, where ¢ is a random variable uniformly

distributed in [0,1].
pdf for ¢

Figure 2.14 Random switching function c1

L

1 t

Figure 2.15 Probability that X(t) = 1 (and, the mean of X(t))
[

E{X(f)} = 0 x p[X()=0] + 1 x p[X({) = 1]

= pIX{(t) = 1]
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Example 3. Describe the mean and autocorrelation
of a switch that is turned on at a random time between
=0 and 7=1. That is, the process X(7) is zero for <c and
one for £>c, where ¢ is a random variable uniformly

distributed in [0,1].

1 ¢

Figure 2.15 Probability that X(t) = 1 (and, the mean of X(t))

E{(X(t1)X(£2)}:

X(t1)X(t,) is either O or 1.

The turn-on time is c.
Remember: ¢, 1s NOT the turn-on time
for X. It 1s a time when X is observed. ¢
1S the turn-on time. Same for #,.
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A

THIS IS NOT A GRAPH OF X{t;) !

THESE are possible graphs of X(t;):

|

Xm=0 " ¢
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Example 3. Describe the mean and autocorrelation
P

of a switch that is turned on at a random time between
=0 and r=1. That is, the process X{(r) is zero for r<c and
one for r>c, where ¢ is a random variable uniformly

distributed in [0,1].

1 £

Figure 2.15 Probability that X(t) = 1 (and, the mean of X(t))

X(t)X(t,) is either O or 1.
The turn-on time is c.-
E{(X(t1)X(t2)}:

185



Example 3. Describe the mean and autocorrelation
of a switch that is turned on at a random time between
=0 and 7=1. That is, the process X{(¥) is zero for t<c and
one for r>c¢, where ¢ is a random variable uniformly

distributed in [0,1].

1 :

Figure 2.15 Probability that X(t) = 1 (and, the mean of X(t))

X(t)X(t,) is either O or 1.

The turn-on time is c.
E{(X(t:)X(t2)}: let t=min(t,t,)
if t < O certainly X(t1)X(t,) = O;
if t > 1 certainly X(t)X(t;) = 1;

if 0 <t<A1,then X(t))X(t;)) =0ifc >t
and X(t))X(t,) =1ifc <t
E{(X(t;)X(t.)} = 0 x p{c>t} + 1 x p(c<t)
=p(c<t) =t
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PREDICTION

B = Boston temperature
N = New York temperature

Goal: get an estimator of B
from N .

B=a+ [N

How should we choose  and B?
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Mean squared error:

error B—B=B—(a+ [N)

MSE = E{(B —é)z} = E{[B—(a+ BN)]*}
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The optimal predictor will have the
least mean squared error.

MSE = E{(B —é)z} = E{[B—(a+ BN)]*}

E{[B—(a+ NI’}
= E{B>+ o>+ N> —20B — 23BN + 20N}
= E{B’}+a’ + B E{N*} - 2aE{B} — 2 BE{BN} + 2aBE (N}

The MSE depends on , B. To
minimize,

0

o, FilB-(a +NT'}
(04

=20 —2E{BY+2BE{N} =0

O BB~ (a+ VT

op
=2BE{N*}—2E{BN}+2aE{N}=0
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L E{[B~(a+pNT)
a

=20 —2E{BY+2BE{N} =0

0 )
ﬁE{[B—(aJFﬁN] h

=2BE{N*}—2E{BN}+2aE{N}=0

NINN

_E{BJE{N’}—E{N}E{BN} o,
T EWy-ENy e

_ E{BN} - E{N}E{B} _ %5

P=rv—evy P,
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B=a+ [N

Op
d=Uy =P — Hy
Oy
O
B=p—~
Oy

(What is the least possible mean
squared error?)

E{[B—(a+BN)I'}=(1-p*)o;

=01f p=+1,

=g, if p=0
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Chapter 3 Analysis of Raw Data: Spectral Methods

3.1 Stationarity and Ergodicity

3.2 The Limit Concept in Random Processes

3.3 Spectral Methods for Obtaining Autocorrelations

3.4 Interpretation of the Discrete Time Fourier Transform
3.5 The Power Spectral Density

3.6 Interpretation of the Power Spectral Density

3.7 Engineering the Power Spectral Density

3.8 Back to Estimating the Autocorrelation

3.9 The Secret of Bartlett's Method

3.10 Spectral Analysis for Continuous Random Processes
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STATIONARITY and
ERGODICITY

Samples of X(?)
X(At), X(2At), -+, X(NAt)

X(1), X(2), ..., X(N)

Estimate the mean

XH)+X(2)+...+ X(N)
N

E{X(N+1)}~
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Estimate the mean

XDH+X2)+...+ X(N)

E{X(N +1)}~ .

PRESUMPTION:
E{X(N+1)} = ELX(N +2)}

E{X(m)} = E{X(n)} for all m,n
E{X(n)} = E{X(n)}

(A s it e
M%WWW ves Ul L ""‘l'1'*.”"|’¢"ﬁvJ*I“”'-.ﬁ'i‘i‘-'.v!'-'--"'-"al

AAA 7 TN
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Process is STATIONARY

E{X(N+1)}=E{X(N+2)}
E{X(m)} = E{X(n)} for all m,n
EiX(n)} = E{X()]

= Ux (independent of time)

"Stationary in the mean"

weak-sense stationarity
wide-sense stationarity (WSS)
covariance stationarity
second-order stationarity
strict stationarity

strong-sense stationarity
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Estimate the mean

X(l)+X(2)+___+X(N)
N

*ﬁ%ﬁ@%ﬁﬁﬂﬂw Yes "'51'Iq.""*'JJ"'F‘h'*""‘ﬂ""ty’l"!'-.""’.:”lva._'ii""j-gf,,1_.mJ
T’ : " V N L VAW v

NNV —

E{X(N+])}~

PRESUMPTION:

Averages over all samples can be
estimated by taking time
averages for any particular
sample.
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A process is ERGODIC if ensemble
means equal time averages for a
particular sample.

ﬂhtw% “rj—q i ‘L“mg‘ YeS \||'|| || L' j“r “l IF‘|| “f"i
[ \

T- —— e WL VAR v

—_ AMAN ———

"Ergodic in the mean"

weak-sense ergodicity

wide-sense ergodicity
covariance ergodicity
second-order ergodicity
strict ergodicity

strong-sense ergodicity
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mean of X (¢) = E{X(t)} =" u,(1)"

= [ (1)

STATIONARY
HX(t) =~ Mx

ERGODIC

X))+ X(2)+..+ X(N)
N N

lT
~— | X(t)dt
2TIT (1)

Hy

Does ergodicity presume stationarity?
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A process is ERGODIC if ensemble
means equal time averages for a
particular sample.

If we can't predict the future from the
past, what can we predict it from?
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A process is ERGODIC if ensemble
means equal time averages for a
particular sample.

"Those who do not learn history
are doomed to repeat it."

George Santayana
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Lecture 8
(2/8/2017)
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B=a+ N

Op
o= Upg _po__zuN
N
O
B=p—=
Oy

You need to know the mean and
standard deviations of both B and N,
and their correlation.
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CONVERGENCE; LIMITS

? _lim, x(t+ At) — x(1)
4 At
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Y,(0) = V() 2772?

1. Convergence in probability
2. Convergence with probability 1
3. Convergence in distribution

4. Mean-Square convergence:

E{[Y.() - YOI’} =0

Section 3.2
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Process is STATIONARY

ELX(N +1)} = E{X(N +2)]
E{X(m)} = E{X(n)} for all m,n
E{X(n)} = E{X(12)}

= Ux (independent of time)

X(H+X2)+...+ X(N)

E{X(N +1)} ~ -

~ E{X} (forall N)
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STATIONARY

R,(1002,1001)
X)X+ X(3)X(2)+...+ X(1000) X (999)
999

~ Rx(1002, 1003)

~ Ry(1023, 1024)

~ RN, N+1) =~ Ry(N, N-1)
Rx(m,n) depends only on |m-n| .

Rewrite it as Ry(|m-n|) or Rx(p)
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X))+ X(2)+...+ X(N)

E{X(N+1)} = .

easy to calculate

R,(1002,1001) ~ RD) =~
X(2)X(1)+X(3)X(2) +...+ X(1000) X (999)

999

also have Rx(0), Rx(2), ...
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: > X(n)X(n—m)

R, (m)=
x () number of terms <

looks like convolution:

XoY(m) =Xy X(M)Y(m —n)

(Let Y = >(time-reversed >

truncate to finite number of
terms ;

divide by number of terms.)
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l D X(n)X(n—m)

R, (m)=
x(m) number of terms <

looks like convolution:
XoY(m) =Xy X(M)Y(m —n)

FOURIER says
Fourier Transform of convolution

(FT of first) x (FT of second)

USE Fast FT to get FT{X(n)} .

J.W. Cooley and John Tukey
1965
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l D X(n)X(n—m)

R, (m)=
x(m) number of terms <

looks like convolution:
XoY(m) =Yoo X(n)Y(m —n)

FOURIER says
Fourier Transform of convolution

(FT of first) x (FT of second)

USE Fast FT to get FT{X(n)} .
Y= )(time—reversed = X('n)

FOURIER says
Fourier transform of X(-7) is just the
complex conjugate of F{X(n)} .
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R, (m)= l > X (n)X (n—m)

number of terms <

looks like convolution:
XoY(m) =Y X(n)Y(m —n)

FOURIER says
Fourier Transform of convolution

(FT of fir_st) x (FT of second)
USE Fast FT to get FT{X(n)} .
Y= )(time-reversed = X(‘n)

FOURIER says
Fourier transform of X(-») 1s just the
complex conjugate of F{X(n)} .

To estimate Ry(m):
1. Take FFT of {X(n)};

2. Multiply by complex conjugate;

3. Take inverse FFT;
4. Divide by number of terms.

= Ry(0), Rx(1), Rx(2), ...
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What can go wrong?
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Lecture 9
(Feb. 15, 2017)
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Bernoulli trials: Binomial Process

Ensemble
X1(n)
X X X X X
— X X
Xa(n)
X X X X X
X% X
Xa(n)
X X X X X
N x N
Xq(n)
X X X X
x X XK
X X Xs(n)
, Y Y .,
] XX 78 7v— X
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Bernoulli trials: Binomial Process
Ensemble Average: E{X(2)} = ux(2)

X#1(n)
F X X X X
| )¢ X
X#z(n)
X |x X X X
X %
Xua(n)
X X X X X
N/
N\ x N
Xaua(N)
X X X X
% % XK
( X X Xus(1)
, Y Y .,
A [A) A
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Bernoulli trials: Binomial Process
Time Average
X1(n)

X X X X\ X

Xo(n)
—x % %
X3(n)
X X X X X X
X4(n)
X X X X X
% XXX XX
X X X Xs(n)
, Y AV R
X X D GEA X 7N X
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Bernoulli trials: Binomial Process
Time Average <X>

X4(n)
y m X
X X X X X/
Xa(n)
X X x X X X
X—s < ¢
Xs(n)
X X X X X
A4 N/,
X4(n)
X X X
x XX XX
X X X Xs(n)
_ Y Y .,
X A ) KA X 7N X
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Bernoulli trials: Binomial Process
Ensemble Average Rx(3,4)

X4(n)
X F\L X X X
! X 1 ﬁ( X
Xo(n)
X X X X X
X X
Xs(n)
X X X X X
% < 2 %
X4(n)
X X X X
. X TX XX
X X Xs(n)
, \4 Y .
N\ N\ A
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Bernoulli trials: Binomial Process
Ensemble Average Rx(3,4)

Xq(n)
X g\l X X X
X ¢ X X X
Xa(n)
X x x X X X
*—x < 3¢
Xs(n)
X X X X X
! > X X X »
Xa(n)
X X X X X
% X TX X% XX
X X X Xs(n)
, v, v _
XX K@ 75 X N X
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Bernoulli trials: Binomial Process
Time average Rx(3,4) = Rx(1)

X1(n)
X X X X X
! X X
Xa(n)
X X X X X
¥ 7aS
X3(n)
X X X X X
> "¢ Y ag
X4(n)
X X X X
\Z a2 x x
X X Xs(n)
, — Y -
N X X 78 [A) A
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Bernoulli trials: Binomial Process
Time average Rx(3,4) = Rx(1)

Xi(n)

X
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If a process 1s ergodic then ensemble
averages ("means") equal time averages

X3(n)
X | X X X X X
Xa4(N)
X | X X X X
2 }f\' X X% <X
X X X Xs(n)
Y, \

P S
X
X

X
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Autocorrelations
Rx(1)

E®>l<( XK®1 x@l 6®1 XE®];<

® & @ iy
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! > X(m)X(n—m)

R -
x(m) number of terms <

Ry(1)

&®>](/ XE®L X(®L E®L XK®LX

225



The randomly-set DC voltage
source is NOT ergodic

X3(n)

226



The randomly-set DC voltage
source is NOT ergodic

AN [ Xiln)
Xa(n)
\
Xa(n)
[
Xa4(n)
u
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A random-shifted periodic function

I
—/ M M
O e W s W
— M T
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A random-shifted periodic function

Ensemble mean

)

X4(n)

[ )
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Time-averaged mean

X4(n)

Y [ [

XA X X X X X 4

Xa(n)

[y Y )

X3(n)

I N

Xa4(n)

[ Y [ ) |

o I I

— Yy ) )T
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A random-shifted periodic function
Ensemble mean = Time average

X4(n)
X

Xa(n)

)

sk WO el

< X

Xs(n)

Xa4(N)
LR

i
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Random-Phase Sine Wave

A [\

VARV VA
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Random-Phase Sine Wave
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E{X(?)}, ensemble average
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<X>, time average

X%y
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Rx(0,277), ensemble average

] - 4 — -
. - ~ — - —\
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Rx(217), time average
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Pt
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Rx(21T), time average

R(217) 1s large positive
[same as Ry(0)]
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Ry(17), ensemble average
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Ry (17), time average

A
- \/‘\/
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Rx(1T7), time average

VARV

Rx(17) is large negative
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Rx(11/2), ensemble average

.. o S~ -
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Rx(1r/2), time average

Ry(1r/2)=0
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Rx(t) is the (unshifted) cosine !

/|
NVaR

/2
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% %

l D> X(n)X(n—m)

R, (m)=
x(m) number of terms <

looks like convolution:

XoY(m) =Y o X(n)Y(m —n)

4

Why?

&X &xgx&xx
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Force

Response

/\___/\'\/
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Model the force as a superposition of
impulses g ..

Force
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If the response to a single impulse
looks like this:

VASAE
then the response to each of the
impulses looks like

.

\/\/
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and the net response at time 7" equals
()

/\.T, _
VAAr

I/ o

T

F(0)y(T) + F(t)y(T-T) + FQT)y(T-21)
+FGTy(I-31) + ...
(CONVOLUTION!)
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2 . # o 2
* e % "
0 # w"' * & ] n*“- .’ﬁ*l *
L) 2 ! L] * >,
L T g ET
2 P 2
0 50 100 150 200 0 50 100 150 200
X(») cos(2m[0.1])

+

2

0

2

T SVE AT
oW Y o

. e #ou ks M
R
2 o4 W BE 4w s

0 50 100 150 200

sin (2710.3])-

] 50 100 150 200

cos(2m[0.4])
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Orignal saqueace X[}

172 _
X(n) = J‘ X(f)e*™ df

f = 0 cos2nmf -1/2

"""" ¢o=cos@ + j sin 6

[ = 0.04; cos2anf
[ = 0.20; cosZanf
f = 0.25; cos Zunf

--------

I = 0.30; cos 2enf
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lasing

Al

Don't need frequencies

higher than f= 1/2

/Y(f) ejl.mf df

«d

-1/2

X(n) = j
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2

X(m)= [ X(N)e™ df
1

)

- x - l ]
X(f)=Y X(n)e”*™, - > < f < >

Nt

Ay

X(f) = Discrete Time Fourier
Transform of X(n)

{X(n) = Inverse DTFT of )?(f)}
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X(n) = j X(f)e>™ df

-1/2

X(f)= Z X(n)e?*™ ——<f<_

N=—=X

3'((1") = Discrete Time Fourier
Transform of X(n)

{X(n) = Inverse DTFT of )?'(f)}

Compute them both using the Fast
Fourier Transform
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2 - =z _ 1 1
X()= [ X()e df X()= XXM, —o<f<o

-1/2

Orignal sequence X[n} Fourler transform X (/)

"""""""" P o W
f = 004; cos2anf n = 2 cos 2amf
"""" - NSNS
JAVAVAN VAVAVAN
f = 025; cos2anf -1 :uw
AVAVAVAVS AVARAMAANA
AVAVAYAVA A
\VAVAVAVAVAVAVAY;
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If X(f)= iX(n)e—fsz and Y(f)= iY(n)e_jsz then

H=—00 HN=—

X(NHY(f)= iZ(m)e_fsz where

M =—xC

Z(m) = iX(n)Y(m—n) .

In short, XY = XoY.
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If X(f)= f:X(n)e—ﬂmf and Y(f)= iY(n)e*ﬂ’mf then

H=—00

X(NHY(f)= iZ(m)e—f“"’f where

M =—2C

Zmy="Y X(m)Y(m—n) .
In short, XY = XoY.

Fourier Convolution Theorem

R, (m)= ! > X (n)X (n—m)

number of terms <

looks like convolution:

XoY(m) =XYoo X(n)Y(m —n)
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Students: This is an elaboration of
of the next lecture - lecture notes
Fourier Analysis in One Hour in the usual format will follow at
the end.

For an engineer, a linear time-invariant system (like an RLC network) is characterized by
the condition that no one is twiddling with the dials; the capacitances, e.g., are constant. To a
mathematician it is a linear system of differential equations with constant coefficients.

+V1_

c F iiB iiz
+
ve(t) CD R § Cy 1~ V2

1+

div/dt = — vi/L — valL + vg(t)IL
-Vg(t) +vi+Ldiy/dt+v, =0
dV2/dt = i1/C2 - V2/RC2

(http://www.ece.utah.edu/eceCTools/StateSpace/Circuits/Matlab/StateSpaceCirc Tutor.htm)

It is well known that when such a system is driven by a sinusoid, it eventually responds
with a sinusoid of the same frequency. (We ignore resonance for the moment.) The engineer says
the system responds "in sync™ with the driver; the mathematician says the equations have a
"particular solution" of the same mathematical form.

ej27rft+e—j27rft ej27rft_e—j27rft

From Euler's equations cos 2mft = — andsin 2 ft = — we

know that we can generically represent a sinusoid by e/2™/¢ if we allow for negative frequencies.
For sinusoidal drivers

vg(t) «— VgejZTTft
and sinusoidal responses
i1(t) « i1/t |y (t) « viel2t v, (t) « v,el?TT

time differentiation in the differential equations becomes replaced by mere multiplication:

j2mfel?m iy = — viel 2L — e 2L + vge 2T YL
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Fourier Analysis in One Hour

- Vg2t + v el2TfE 4 | j2m fel? ™t + voel 2Tt = O
j2mf /2™ty = viel2™EC, - voe 2T ERCy ;

and the time-dependent differential equations are replaced by time-independent algebraic
equations:

j2rfin = — vi/L — volL + vg/L
-Vg +vi+Lj2nfii+v2=0

j2mfva, =vi/Co - V2/RC

jerf 1L 1/L vy /L
or Lof 1 ] [ ]
0o -1/C, ]27rf+1/RC2

Engineering interpretation: the capacitors and inductors are
replaced by resistors (“impedances™) and the dynamic system
becomes static. The task is recast in the frequency domain.

So the analysis of a system driven by sinusoids is much simpler than for arbitrary inputs.

The contribution of Fourier and his disciples is the recognition that practically every
function can be written as a superposition of sinusoids. Therefore - by superposition - the
analysis of every linear time invariant system, for arbitrary inputs, enjoys this same

simplification, reducing dynamics to statics and replacing differential equations by algebraic
ones.

Let's see how this superposition comes about. We start by considering uniformly spaced
measurements of a function y(t):

y(t)

-~
N N+

V1 y(t1)

b
. - y . 3 ’

L’nJ Y(;n)
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Fourier Analysis in One Hour

We envision a scheme wherein we refine our measurements by successively incorporating the
midpoints:

y(t) y(t)

— f""‘-—*‘/r\\
J N~ "‘\fﬁﬁw :

Specifically, the measurements are taken at values of t (0<t<1;
we'll rescale later) which are the dyadic fractions (“foot-ruler

) - v(0) ]
1 1
[yz} yGR)
markings”): | V3 | = y(zi,\,) ,
Vo
: _y(zle)_

and we exclude the final point t=1 to make the numbering come
out right.
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Fourier Analysis in One Hour

Now consider a matrix-transformed version of y,

[71] Y1

) y=My, % =[ M hﬂ
] 5]
o e B
Yan ok

The matrix is M = [ M, ] with M,,,, given by ziNe‘1'2"(7”‘1—2’\'_1)(71—1)/2’V ~ Much

more transparently, if we define w = e727/2" then for N=2 (2N=4 measured values, w = -j) the
pattern is

1 -1 1 -1

1l —w ow? —wd
M = 411 —w? w* —wt
1 —w3 wé —w°

M is easy to invert; M1 is the transposed complex conjugate ("Hermitian"), rescaled by
the factor 2N . (M~ = 2V Mt )

1 1 1 1

-1 —-w —w? —wd
Mt =4M" = _ _ _

1 w2 w? weé

-1 -w?® —-w® —w°

You can almost verify this mentally. The diagonal terms of M"M
entail adding 4 copies of ones (ww = 1). The offdiagonal terms
each take the form 1 + r + r2 + r*, so the familiar formula 1 +

—_pntl R .
F+r2 4 trn=2 gives zero when you identify the "r".

1-r

v in (1) is called the Discrete Fourier Transform of y. It's the Fourier transform that we
use whenever we are doing simulations on a computer. (2) expresses the inverse transform. To
compute a single coefficient 9, by (1) requires 2N complex multiplications and additions. To
compute all 2V coefficients would take 22N multiplies. For large data sets, that’s prohibitive. But
the sinusoidal factors in these products are very redundant. For example when N=4 (2" = 16), the
data in the rows of M are given by
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Fourier Analysis in One Hour

n ej27'm/16

8 |-1

7 | -.924- 383

-6 |-.707-.707]

-5 [ -.383-.924

-4 _j

-3 .383 - .924j

-2 |.707 - .707j

-1 924 - .383j
0 1

1 |.924 +.383]
2 | .707 + .707]
3 |.383+.924j
4 ]

5) -.383 +.924j
6 |-.707 +.707]
7 -.924 + .383j

so there are only 3 different nontrivial factors. With appropriate grouping only 3 multiplications
are required for each y,,. The Fast Fourier Transform exploits these redundancies and computes
all 2N coefficients 9 using only 2N(1+N/2) multiplies. The FFT has rendered data analysis
feasible for an enormous number of applications. (There are versions of the algorithm that apply
when the number of data is not a power of 2.)

This form of the Discrete Fourier Transform is good for visualizing the matrix algebra
(and for computer coding), but the physical meaning is obscure; it will become more transparent
when we change the notation. We identify (n-1)/2N as the n'" measurement time, after N
refinements (2N measurements), since we count measurements starting from n=1 but time starts
from t=0.

2) M, = ZiNe—jZn(m—l—ZN_l)(n—l)/zN — 2iNe—j27r(m—1—21"—1)t for t = (n—1)/2N .

This is the formula for a sinusoid, oscillating at frequency m — 1 — 2V~ cycles per second, for
m=1,2,---,2N. If we rename m — 1 — 2¥"1 asf, running from f = —2N~1to 2V~1 — 1, then

My, = —e 2t witht = (n—1)/2V and f =m — 1 — 2V°1,

2

Now the expression (2) takes the familiar form we've been looking for:
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Fourier Analysis in One Hour

Y1 y(t1) [ V1]
[ l y(t2) V2
y3 —IY(t3)I—[ (e*727%) 2L

YZN y(tZN)J
or (row by row)

3) y(©) =30 v M for ¢ =1

(where we have written y(f) for y,, 7_,n-1 ). S0 now y(t) is expressed as a superposition of 2N
sinusoids - at least, for the dyadic fractional times between 0 and 1 - with frequencies

f=—2N"1,-2N"1 .. oN-1_qHz,

(3) is almost the Fourier series for y(t); we'll apply the finishing touch soon. But let's
jump the gun and make some (premature) observations now.

(3) is exact, not an approximation, at every dyadic time value - eventually; once N is
large enough that the dyadic t can be expressed as (n-1)/2V, (3) holds. Therefore,

4) y(t) = hm Z(Z__zN ) y(f) e/¥™t for every dyadic fraction time t, 0 <t < 1,

——< . 1 _j 1 2 2N—1
when y(f) is given by —z ¥, y()e ™ #Wt (t = 0,5, -5, S5 -

We ask: Is (4) valid for the other values of t? Can we use it to interpolate y at the nondyadic
points?

Remember that the dyadic fractions are infinitely dense in the interval [0,1). Now if a
function’s value at a nondyadic point, like t = 1/3, is radically different from its values at all the
neighboring dyadic fractions ... - well, that function is weird. You can take an infinite number of
measurements of the function on an infinitely dense set of points and never learn anything about
its value at 1/3. You cannot simulate it on any commercial computer (because binary numbers are
dyadic fractions). If we were to define a "measureable™ function as a function which can be
completely determined by measuring it on any dense point set, then (4) is a Fourier
representation for all "measureable™ functions. Those of you whose mathematical curiosity
extends no further than computer simulations can stop reading. (You learned Fourier analysis in
ene-hedr 15 minutes!)

In formulating his extension of the notion of Riemann integration, one of the weird
functions considered by the mathematician Lebesque was the function defined to be 0 on the
dyadic fractions, and 1 on all the other numbers; call it y(@@ (¢). The graph of this function is
deceptive,
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Fourier Analysis in One Hour

y@ed (1)
A

all the others
A

madic fractions

L

1

because neither of the segments is connected; they are perforated infinitely many times. (4) is
certainly false for y(@ad (¢); all of the coefficients y(f) are zero, so the sum in (4) is zero for
every t, including t = 1/3 where y@2d (t) equals 1. The set of dyadic fractions is a subset of the
set of rational numbers; it is countable. But the set of all numbers in [0,1) is uncountable. So the
number of instances where y@e® (t) = 1 greatly "outweighs" the number of instances where it
is zero, and (4) is wrong most of the time!

(Lebesque had his own notion of what "measureable” means, and
he considered y@e® () to be a measureable function - even
though the true nature of the function is not revealed by an infinite
number of "point” measurements (at the dyadic fractions).
Lebesque felt that most physical measurements are performed by
devices that "average" properties over small connected sets - like a
thermometer, which does not record tempertures at a point but
rather "smears" them over the surface of its bulb. A smeared
measurement of y (424 (¢) would report its value as 1. Indeed,
Lebesque states y(@2® (t) = 1 "almost everywhere.")

But since (4) is valid at every dyadic fraction, and the dyadic fractions are infinitely
dense, we have good reason to believe that (4) should converge to y(t) for, at least, the
continuous functions. Before we delve too deeply into the convergence properties, let's clean up
one last detail and give the accurate definition of the Fourier transform.

Again, we change the notation to get more insight. In the formula for the coefficient
) ==Y, y(t)e 2Tt (t =0,=, = - 2N—_l) we note that the spacing between the dyadic
y _ZN ty - ’oN?’ N’ ’ oN ) p g y

- 1 -
times At equals N SO we can write

y(f) =X y(H)e72Mt At,
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Fourier Analysis in One Hour

which is a Riemann sum for the integral foly(t) e~J2mftdt. Therefore in the limitas N — oo we
get y(f) - fol y(t) e /27 tdt. The (legitimate) Finite Fourier Transform of y(t) is defined as

this limit, and the Fourier Series for y(t) is X 7-_ y(f) ezt (with y(f) given by the integral,
not the sum). The question that mathematicians asked, then, is

Is y(t) given by the sum of its Fourier Series for all tin [0, 1):

2

(5) Yy =, y®) e dt ; y(O)ZXE ., y(f) eS2E
A few remarks before we address this question:

(i) The representation can be moved from 0 < t < 1 to any other interval a < t < b by a simple
T—a

change of variable t = Pt With a little juggling the Finite Fourier Transform can then be
expressed

?

__ b » . o
©) V(=7 [l Y@ e 2t ; YO 2Eg o V) 2, f=-2.
The frequencies are now spaced by Af = ﬁ .

(i) We do not expect the Fourier series in (6) to converge to Y(t) outside [a,b), because the
sinusoids in the sum are periodic; the Fourier series is going to replace Y(t) by periodic replicas
outside the interval. In particular, even if the series converged to Y(a) at t=a, it will not converge
to Y(b) unless Y(b) = Y(a). The figure below displays what the various Fourier series for a
particular function look like if the approximation interval [a, b) is changed.
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Fourier Analysis in One Hour

f(1)

At A
S e e e S

Fourier expansions over increasing intervals

(iii) The figure suggests that if let a - —oo and b — +o0, the periodic replicas would be
banished and we would have a sinusoidal representation of Y(t) for all t. The following mutation
of (5) -

by

@ —jemft gy . YO _ 1
-a € dt ; b-a 2

w2 Y(f) ejant_

+1 +
=0, 3= = b-a

Y(H=

ab
- together with the identification of the frequency spacing as Af = ﬁ - warrants the conjecture
F/'(—B :f_()oooF(t) e_jZTTftdt ; F(t) = f_ooooF/(—ﬁ ejZn’ftdf .

F(f) is called the Fourier Transform of F(t) and the inverse transform tenders the expression of
F(t) as a superposition of sinusoids for all t in (—oo, ) .

(iv) Although the correctness of (4) at the dyadic fraction points in the interval is quite
compelling, we cannot make the same claim for (5), since we have replaced the sums y(f) by
the integrals Y (f) .
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Fourier Analysis in One Hour

Investigation into the convergence question has spawned much of modern analysis.
Surprisingly, continuity alone is not enough to guarantee (5); but if y is differentiable at t, the
Fourier series converges there. Twentieth century mathematics is replete with examples
demonstrating how "weird" functions can avoid convergence of their Fourier series. However in
practical applications the Fourier series of a smooth function converges to the proper value;
while if the function has jump discontinuities (like a switching function), the series converges to
the midpoint of the break.

Even if the series fails to converge at various points, it may "converge™ in a weaker sense
of the word. For example, the area between the function's graph and the graph of its Fourier
series may go to zero. Here are some graphics illustrating various types of convergence.

Snider, A. D., Partial Differential Equations - Sources and Solutions, Prentice-Hall, 1999;
Dover Pub., 2006. (ISBN 0-486-45340-5)

Triangle
function

(a)

5 Sinusoids Max error. 28%

(&)

10 Smusoids Max error, 10%

20 Sinusoids Max error, 6%

(d)

40 Sinusoids Max error. 3%

(e)
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Fourier Analysis in One Hour

(Continuous function, differentiable everywhere except for three points)

n=1 | 40 Terms
1F 1k
— <«
f f
1 ] > v 1 v 1 >
mT—c Tmtc 2T T 2m

(a) (b)

A oo A
£+i§:(_”n(1 20 11€) €Os nt
el e " — COS 7IC) COS 1
n=1
1 1 20 Terms
f !
| | > 1 i | >
T—C WT+cC 27 T 29
(c) (d)
(s a] +1
A 2 Z (_1)” p f A
m 7 st _ 10 Terms
]. B n=1 l =

Y~

‘f ~—

|

1

T
)
3

]
/ﬂ

Jump discontinuities; discontinuities in the derivative; jump discontinuity.
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A . A
Z sin niar sin nt
L T (J)(f 2. 1k 4 Terms
; !
1 1 ) » I >
Fed TTWE‘]T W\/Z?T
1k -l
(2) (k)
A
+1) 3 T
8 Z sin (2n + 1)t - 3Terms 5|
—y (2n+ 1)} - 1
I | 'y !
—T7 m . - ™ ]
7o |
3}

Continuous sawtooth; two parabolas joined smoothly.

1 131 1
g L r (=1)"cos m+§

Truncated Fourier series for

ot —m)

Wildly discontinuous delta function. The Fourier approximation's peak is so high that the central
lobe contains unit area. The other lobes oscillate so fast that they cancel each other when
integrated.
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Truncated Fourier series for
-/
o' (t — )

Even wilder - the derivative of the delta function can be interpreted as a dipole or a doublet.
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Linear time-invariant Systems

+ V1 - )ii

b e d
a * 113 liz
+
ve(0) RS Y
a

¢

/1

diydt = — vi/L — vo/L + vg(t)/L
-ve(t) +vi + L diydt +v>=10
dvydt = i/Cs - vy/RC
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+

c

diy/dt = — vi/L — vo/L + ve(t)/L
-Ve(t) + v+ Ldiydt +v:=0
dv/dt = i;/Cr - vo/RC>

When such a system is driven by a sinusoid, it
eventually responds with a sinusoid of the same
frequency.

Engineer: "in sync"
Mathematician: "Method of Undetermined

Coefficients"
Trial solution: sinusoid
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C1 li3 liz

a
e
diy/dt = — vi/L — vo/L + ve(t)/L
“Vo(t) +vi + L diydt +v>=10
dvo/dt = i1/Cs - vo/RC>
j2nft, ,—j2nft Jjemft_ —j2mft
cos 2mft = % and sin 2 ft = %

generically represent a sinusoid by el2mft

265



¢
diydt = — vi/L — vo/L + vg(t)/L
-Ve(t) +vi + L diydt +v>=10
dv/dt = i1/Cs - vo/RC>
v, (t) « vgel2mt

i,(t) « 1127 v (£) « viel2T p,(t) « v,el?TSt

jznfejsztil = — viel2TI L — pel2nrtr + Vgejz;r[ft/L

_VgejZTTft +Vlej2ﬂ'ft +Lj2nf€j27[ffll +V2€j2ﬂ-‘ft :O

jZ‘ﬂ'f efz’rftvg = vleﬂ”ft/Cg - Vzejzrrft/RC;' ;
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jznfejsztil = v, el2T L Nyel2T L Vgejzn-ft/L

-vgelPt 4 viel2TL + Lj2mfel?™ ) + voe 2t = 0

jZ‘,'Tf ejantv2 = Vlejznﬁ/c_a - VzejZHft/RC_a :

jZHfil =—vi/L —vo/L + Vg/L
-vg +vi+Lj2nfi +va =0

j27l'fv2 = V]/Cg - Vz/RCg .

j2nf  1/L 1/L vy /L
Lji2nf 1 [ ] [ ]
0o -1/C, j2nf + 1/RC,

Dynamics Capacitors, Inductors

Statics Resistors (Impedances)
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y(t)
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y(t)

\J \x_'_/ !
y T y(0) 7
1 1
Vs ;v(z;,)
3= vG®)
ol | i
o bED.

269



-
Y2
y=My, |y3|=

_yzN_

..yl-
Y2

LY N

- 1 e —j2m(m-1-2N"1(n-1)/2N

Mpyn — =

2N

Y3 | = |

-----

4

-----

-----

_yl_.

Y2
Y3

1
w
w
w
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1
—w3
‘W6
—w?

1
—w?
W‘I-
—w°

M

(ww = 1)
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- y1 -
V2
Y3

_yzN_

/!

an

2N

.....

.....

-----

.....

- yl -
Y2
Y3

.....

.....

! e —j2m(m-1-2N"1(n-1)/2N

Discrete Fourier Transform




e
-----

1 —j2r(m-1-2N"YH(n-1)/2N

My - — e

2N

]
-----
-----

-----

ya2 i ded ded] | Y2
My, |33 |=|o m of|

F]
--------

-----

2N multiplies per term,

2N terms,
2°N multiplies

._yl_

-----

Discrete Fourier Transform
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(V1] V1 7
V2 LioLd o il Y2
y=My, |y3[=|ii M iiff 3
YN -V aN -
n pJ2mn/16 24=16
8 |-l

7 | -.924 - 383;
6 | -707-.707
5 | -383-.924;
4 »

3 | .383-.924;
2 |.707-.707)

-1 |.924- 383
0 |1

1 |.924+ 383
2 |.707 + 707
3 | .383+.924)
4 |J

5 |-383+.924
6 |-707+.707]
7 | -.924+ 383;

Only need 3 multiplies per term.
48 multiplies instead of 256
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_5/‘]'-;_
V2
y=My, |¥y;3

-yzN-

.....

.....

-----

.....

-----

- yl —
V2
Y3

[ VN

Discrete Fourier Transform

2°N multiplies

Fast Fourier Transform

2N(1 + N/2) multiplies



.....

—j,"‘j‘:-
Y2
y=My, |3
LYoN.
an=2_N
1
T 2N
@mz
and f =m—1-2N"1,

.....

1 e —j2m(m-1-2N"1)(n-1) /2N

_yl-

Y2
V3

LY oN

e=i2m(m=-1-2""Dt g5 ¢ = (n — 1) /2N

%e-@wnb t=(n—1)/2V
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Y2
Y3

y(t)

-yl-

LY 2N

Ty (t) T (V1]
y(t2) e | 72
= y(ty) | = | (et/2m/t) V3
_y(tzN)_ -y/Z‘R'-
N-1_1y ——0 . -1
=3 Y e for £="
f=-2N"1 2N .. 2N — 1 Hy

i

Let N -> oo
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f=-

rviq [Y(E) ]
Y2 y(t;)
y:3 = y(t3)

LYond Ly (t,n).

(ZN—l_

)

e
.....

2N—1’ _2N—1’ ..

-----

-----

e
.....

.,2N-1 _1Hz

y(t) =X

f=_2N-1

y(f) et for t = 7;;;

V1 " V17
Y2 S A | )
y3 [=|8F M DH|| )3
S22 -YaN-
1 —-j2nift
Z_NZt y(t)e™°™
_og L 2 2N-1
(t= SN N’ TN )
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—_—

V1 ] - Vq -
Y2 SRR | B!
v l=1i% M || Y3

-y’;V- | YN

- 1
= ziNZt y(t)e=/2m/t At equals N

1 2 2N 1
(t=0’2_N"2_N!“.J N )

y(f) =X, y(t)e /2t At

1 .
—Jj2nft
> [y () e /2t
f — _2N—1’_2N—1’“.,2N_1 —1Hz
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Finite Fourier Transform
y(f) = [, y(t) e /2™ dt
Fourier Series

y(O) =Ef o y() e/

forall tin [0, 1)
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T—a
ft = —
b—a

Finite Fourier Transform
Y(f) ——f Y(t) e /4™t dt
Fourier Series

Y(t) =2p=-o Y(f) e/t
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Fourier Series

f="

b—a

Y(t) = Yo Y(f) /21

/

a<t<b Periodic
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Fourier Series

Y(t) =550 Y(f) €27

/] —~—

a<t<b Periodic

w o
.“W, ""W“ ; \W, : W“n W
A

Fourier expansions over increasing intervals
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Fourier Series

Y(£) = 35mor Y(f) €271

400 :leaf: Y (t) e~i2/tdt

| f)
vﬂ

=
1
=
T

F(t) = |2 F(F) > df

F(f)=[" F(t)e/2"tqt
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Fourier Transform
F(f)=["_F(t)e2™tqt

Fourier Integral Representation

F(t) = |7, F(F) e df

all t in (—oo, 00)
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(@)

5 Sinusoids Max error, 28%

(b)
10 Sinusoids Max error. 10%
(c)
20 Sinusoids Max error. 6%
(d)
40 Sinusoads Max error. 3%
(e)
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o0 . .
2 Z: sin na sin nt
1+ (m—-a)a e e 1k 4 Terms

v~

(2) (h)
A
(=] . 3 L
§ o sin@ut e 3 3 Terms
oo @Cu+ly 1 /‘
. H(m—1) 1 . 1
- ((17 +1) i m™ - m
/b
3}
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40 Terms

A Bt

] 1 i .
T-cwwte 2m T o
(a) ®
A
(=]
€4 E 1 1 5 11C) COS it
‘2 5 (1 —cos nc) cos n
n=1 "
1'F 20 Terms
. ¢
1 1 > . g
T—cmTmtc 2 i o
(© @
y 5 oo (—l)“ +1 . 4
= E f sm nf ! 10 Terms
n=1 i

Y-
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—

n=1 40 Terms
/'
—_—
t f
L | = | A s >
- = » v L} 5 -
T—-cTwW+C T m =
(a) (b)
h
o0
.4 E D" (1 = cos nc) cos nt
T "2 B
n=1
1 20 Terms
¢ !
) ) 7 L I >
T—CcTw+ce 2w ™ 27

A
10 Terms

(d)

¥~
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g L % Z (-=1)" cos nt + ‘,l

Figure 1 Truncated Fourier series for
o(t — w)
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200 -

40

Figure 3 Truncated Fourier series for
-/
o (t — )
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For physics and engineering
Finite Fourier Transform

y(F) = [, y(&) eIt de
Fourier Series foralltin[0,1)
y(O) =17 Y() e

For signal processing and random
processes, switch the roles of fand t

Ny é " 1 1
X(f)= ZX(n)e‘"mf, -5 <f < Y

Ne—x

X(n)= [ X(f)e™ df

(next slide)
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For physics and engineering
Finite Fourier Transform
y(F) = [} (&) e /2 tdt
Fourier Series forall tin [0, 1)
y(t) = ZF o Y(f) /2!

For signal processing and random
processes, switch the roles of fand ¢

Times are discrete, t = n, (- to )

y() =XF-_o y(f) 21!

iy = i 1 1
X(f)= Z.\.’(n)e Sl -3 <f< 5

Ne—x

The old 7 is reinterpreted as frequency and shifted
from (0,1) to (-1/2, 1/2)

X(m)= [ X(f)e™™ df

-1/2
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For physics and engineering
Finite Fourier Transform
YO = [Ly(®) et
Fourier Series forall tin [0, 1)
y() =X fee y(f) €72
For signal processing and random
processes, switch the roles of fand £
Times are discrete, t = n, (- to o)

——

y(6) =Xf-w y(f) el
Ly .
X(f)=D X(n)e”*™

N=—X 2

1
<f<—
/ 2

The old ¢ is reinterpreted as frequency and shifted
from (0,1) to (-1/2, 1/2)

X(n)= J'h,{'( e df

-1/2
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Discrete Time Fourier Transform

. . IR
X(f)=Y X(me”™, ——<f<

2

b | -

e

1/2

X(n)= | X(f)e*™ df

-1/2

(But for computer simulations,

n only runs from 1 to 2" and

f1s discretized and rescaled to
run from 1to 2" and
you use the Fast Fourier Transform.)
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Discrete Time Fourier Transform

‘;((f)z iX(n)e'ﬁmf, —%<f<%

Ne—3x

1/2 _
X(n): J‘X(f)ejsz df
-1/2

The DTFT of time-reversed X(-n)
is the complex conjugate of the
DTFT of X(n):

X()= 3 X0y Loyl

Ne—X

‘i’(f)= ZI:X(")Q'}W, —%<f<%

Ne—30
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Discrete Time Fourier Transform

)I’(f): Zx:X(")e_jw, —%<f<%

N

1/2 _
X(n)= [ X(f)e*™ df
-1/2

The DTFT of time-reversed X(-n)
is the complex conjugate of the
DTFT of X(n):

X(f)= Y Xenye? —<f <5

Ne—30

X(f)= Zx:X(n)e"z"?'f, —% <f <%

N==30
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‘;l'(f) = Z X(n)e ™, —% <f <%

Ne—x

172 _
X(m)= [ X(f)e*™ df

-1/2

Parseval's Theorem
1/2

> Xy = [ | XN df

n=— -1/2
ENERGY
1
Eva .lka
2
15
”'[Epv dxdydz

%m«m EP +u|H}}dxdyd:
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1/2

X(n) = j X(f)e™™ df

-1/2

Parseval's Theorem

1/2

> Xy = [ | XD df

Nn=—L -1/2 \

Energy Spectral Density
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1/2 _
X(m)= [ X(f)e™™ df

-1/2

Parseval's Theorem

1/2

> X' = [ 1 X(NIPdf

n=—* ~1/2

What if X(n) is a stationary random
process?

(mean zero)

o0

E(Y X(n)'}= Y R,(0)= Yo% =0

n=—0 N=—0
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Lecture 1l
Feb. 22, 2017
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R, (m)= ! > X (n) X (n—m)

number of terms <

Takes too long
looks like convolution:
XoY(m) =Yoo X(n)Y(m —n)

It X(f)= iX(n)e‘fmf and Y(/)= iY(n)e—fmf then

H=—a0

X(NHY(f)= iZ(m)e‘f“”’f where

M=—0

Zomy="3 X(m)Y(m—n) . Fourier

Convolution

Theorem
In short, XY = XoY.
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l D> X)X (n—m)

R.(m)=
x(m) number of terms <

Takes too long

e e e -

looks like convolution:
XoY(m) =Yoo X(n)Y(m—n)

If X(f)= iX(n)e_ﬁ’mf and Y( )= i)f(n)e‘f“"f then
X(NHY(H= D zme™™  Fourier
T Convolution

Zmy=3 X(wY(m—-ny. ~ LhEOTEM

n=—w
e e e o e e e

The DTFT of time-reversed X(-n) is the
complex conjugate of the DTFT of X(n):

___________________________________________________________ -

So..., to find
ZX(H)X(H —m) ™

you FFT the data X(n) = X (/)
take its conjugate (FFT of time-reversed) ,

multiply them, and take inverse FFT.
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So..., to find
ZX(n)X(n —m)

you FFT the data X(n) = X (/)
take its conjugate (FFT of time-reversed) ,

multiply them, and take inverse FFT.
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Parseval's Theorem

1/2

> Xy = [ | XN df

n=—~ -1/2

What if X(n) is a stationary random
process?

(mean zero)

E{Y X(n)'}= Y Ry(0)= Y 6% =

Nn=—20 N=—20 N=—20
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Wiener-Khintchine Theory

Replace
E{ZX(H) p=lmy E{ZX(H) }
by

lim,  E{— > X
my ., {ZN,,_Z_: (n)°}

= 1imN% ZR (0)

H——

2N
=R =Ry (0)

= E(X(n?} = (143 90

2N 1s the elapsed time,
energy/time = POWER
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The Scheme

Truncate

Xnv(n)=1{..,0,0,0, 0, X(-N), X(-N+1), ..., X(N-1), 0, 0, ...

Take the DTFT

< * _ N-1 |
Xn(f)= 2 Xu(me ™™ = 3 X(me ™™
n=-N

H=——0

Square the magnitude

| XN =X () Xn(f)
— (S Xm)e ™Y X(p)e )

n=-N

Divide by 2N
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Example: Suppose N=2 .

Xx(HF={ S Xm)e ™1 T X(p)e ™)

n=—] p=—N

{X(_z)e+j2n2f _|_X(_1)e+j21r1f _|_X(0)6,0 +X(1)e—j27r1f}

(X(=2)e 272 4 X(~1)e /27 + X(0)e° + X(1)e*/2™1/}

{X(=2)* + X(-1)* + X(0)* + X(1)*}
+HX(=2)X(-1) + X(—1)X(0) + X(0)X (1)}e 2™/
+{X(—2)X(0) + X(—1)X(1)}e~/2m2S
HX(=2)X(D}e 2™ +{(X(=2)X(1)}e 2™
+{X(=2)X(0) + X(—1)X(1)}et/?m2S

HX(-2)X(-1) + X(-1)X(0) + X(0)X(1)}e*/2m1f
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X(=3) X(-2) X(-1) Xx(0) X(1) X(2) X(3)

X(=3) X(=2) X(-1) x(0) X(1) X(2) X(3)
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Now take expected values. N=2

XN ={ S Xm)e ™ { S X(p)e”*™)

{X(—Z)e”znzf +X(_1)e+j27r1f +X(0)e° _I_X(l)e—jz;rnf}

{(X(=2)e™/2m + X (=1)e™ 2™/ + X(0)e® + X(1)e*/2m/}

Rx(0) {x(=2)? + X(~=1)? + X(0)% + X(1)?}

B o - —j2mif
Rx(JﬁSX( 2)X(—1) + X(=1)X(0) + X(0)X(1)}e™

Rx(2)+{X(=2)X(0) + X(—1)X(1)}e~/2mS

HX(=2)x (e + {X(—2)X(1)}e*/2m3/
Rx(3) /5X(§)
X(=2)X(0) + X(—1)X(1)}et/2m2f
+HX( )(;;2( )X (D}e
HX )X (1) + X(DX0) + X(0)x (1) }et?m

Rx(1)

4Rx(0) + 3Rx(1)e ™2™/ 4+ 3Ry (1)e*/2™f
+2Ry(2)e™72m2] + 2Ry (2)et/2m2S

+1Ry(3)e /2™ 4 1R, (3)e*/2m3f
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Divide by 2N. N=2

4Ry (0) 4+ 3Ry (1)e™/*™ 4 3Ry (1)e*/*™/
+2Ry(2)e %™ + 2Ry (2)etI?meS

+1Rx(3)e 2™ + 1Ry (3)e*/2m3/

3 . 3 .
Ry (0) + ZRX(l)e‘JZ”lf + ZRX(l)e“z’”f

2 . 2 _
+ Z11>X(2)e-ﬂﬂzf + ZRX(Z)e“Z”Zf

1 . 1 .
+ ZRX(3)6‘12"3f - ZRX(3)e+J2“3f
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If you had used 4000 points,

4000

4Ry (0) + 3Ry (1)e /2™ + 3R, (1)et/2mY/
+2Ry(2)e /2™ + 2R, (2)et/?m2

+1Ry(3)e /%™ + 1Ry (3)e*/4m3/
would be

4R, (0) + BRy (1) e /27 + z!R e (1)e*/2m
4000 3999

+ZRy(2)e~I2m2f + lR v(2)etizm2f
3998

+1Ry(B)e™ fszif +1R (tL’ffz“ff
3999 3999

Ry (0) +§Rx(l)e‘f2”1f + %Rx(l)e”sz

3999/4000

+ERX(Z)e‘fZ””}%RX(Z)e”z”zf

3998/4000

3999

1/4000
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3 . 3 .
Ry (0) + ZRX(l)e‘fz’”f + ZRX(l)e“z’”f

2 . 2 _
+ ZRX(Z)e‘JZ”Zf + Z1!?;‘,(2)«3“2“21“

1 . 1 .
+ZRX(3)e‘12”3f + Z1!?X(3).r3+ﬂ’f3f

if N ~co and you were very forgiving

Rx(0) + Ry(1)e /2™ + Ry(1)e*/#m/
+Ry(2)e 122 4 Ry (2)etI2mS

+Ry(3)e 123 + Ry (3)et/2m3/

Wiener-Khintchine justified
this
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To sum up:
Take the DTFT of your (finite) data set:

~ : N-1 ]
Xn(f)= D2 Bme "™ = 3 X(n)e "™
N

=0 n=-]

Square the magnitude

| Xn(NF =X () Xn(f)

Divide by 2N
And you'll have a time-average estimate of the
DTFT of the autocorrelation Ry(n) - | e ()|

Ry (0) + Ry(1)e 2™ + Ry(1)e*/2™/S
+Ry(2)e 1272 4 Ry (2)etI?meS

+Ry(3)e 1?73 + Ry (3)et/2m3/
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To sum up:
Take the DTFT of your (finite) data set:

X (f)=
y =My,

-yzN-

_\7_
“Jamf _

.....

X(n)e *™
N

n=-.

YoN

Square the magnitude and divide by 2N

And you'll have a time-average estimate of the

y < 191°/2N

DTFT of the autocorrelation Rx(n) .

- yl -
Y2
Y3

LY N ]

-----
. .

-----

ooooo

-----

ooooo
. .

. -
-----

-----

-----

-}-*‘}""1--
V2
V3

-yzN-
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To sum up:
Take the DTFT of your (finite) data set:

Square the magnitude
Divide by 2N

And you'll have a time-average estimate of the
DTFT of the autocorrelation Ry(n) .

The estimates will be better for
the lower values of Ry(n) .

WHY?
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| Xx(NF={ Y Xe ™ S X(p)e” ™}

n=-] p=—N

You have 4 estimates of Rx(0), 3 of Ry(1), 2

X(-2)* + X(-1)* + X(0)* + X(1)*}
+HX(-2)X(—1) + X(—1)X(0) + X(0)X(1)}e~/2mLS
+{X(-2)X(0) + X(—1)X(1)}e~/2m2S
HX(=2)X(D}e 21+ {X(=2)X(D)}e /2]
+{X(—2)X(0) + X(—1)X(1)}et/2m2/

HX(=2)X(-1) + X(—-1)X(0) + X(0)X(1)}et/?7S
and you divide them all by 4.

In practice, you'll have 4096
estimates of Ry(0), 4095 estimates
of Rx(1), ..., and 1 estimate of

R (4095).

And you'll divide them all by

4096. .
(Two crimes)

317



To sum up:
Take the DTFT of your (finite) data set:

Square the magnitude
Divide by 2N

And you'll have a time-average estimate of the
DTFT of the autocorrelation Rx(n) .

The estimates will be better for
the lower values of Ry(n) .

: ’ ‘;(V(f)|2 _ —Jj2mm
th—w: 2N =m=Z_ RX(m)e ’ d
=DTFT of R, =S.(/f)
Note that 1/2

Re(0)= [Sx(/)df

-1/2

so Sx(f) is called the
Power Spectral Density.
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iv; 2 0 .
N—):cl ;5\{‘)’ = ;RX(m)e Jamt

=DTFTof R, =5.(f)

lim

1/2

Ro(0)= [S.(f)df

-1/2

Wiener Khintchine Theorem (?)
The Power Spectral Density is the
DTFT of the autocorrelation

—
=S

Norbert
Wiener
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12F

10§

I

4 £l |
il
2 ||. i | '

N,

X
: Ill'l ol 1
n I—‘ll Ihl! .1'{ o= 1;. .. s

Estimated True
Power Power
Spectral Spectral
Density Density
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Bartlett's method
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s Get Rx by taking the

inverse DTFT
1
05}
o}
05}
1o 5 10 15 20 25 0

Exact  Autocorrelation estimates (RX(0) =4/3, RX(1)=-2/3,
RX(2)=
1/3, RX(3) =-1/6)
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How did Bartlett do 1t?

4096 data

4096 data, yields estimates for Ry(0), Rx(1), ...,
Rx(4095)
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How did Bartlett do it?

4096
i =1024 x4
| Jild
G
1024 data=> 1024 data =>
Rx(0),Rx(1), Rx(0),Rx(1)
2 R(1023) - RA(1023) Now
1024 data => 1024 data =>
ata =
RORD), o average
s R(1023) oy RY(1023) them
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4096 = 128 x 32
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Lecture 12
Feb. 27, 2017
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Wiener Khintchine Theorem (?)
The Power Spectral Density is the
DTFT of the autocorrelation

Xv(N)]F & .
N N =m__$RX(m)e 12

=DTFTof R, =S ,(f)

lim

1/2

Ry (0)= [Sy(f)df

-1/2
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Wiener Khintchine Theorem (?)
The Power Spectral Density is the
DTFT of the autocorrelation

. Xx(H)f & v
lim, M{ | =m;IRX(m)ef ! R = [ SN ar

=DTFTof Ry =S, (/) Ry(0)= [S.(N)df

-1/2

What does a broad band spectrum random process
look like? Suppose Sy(f) = K
K

KT
-5 3 XA

PSD § 012 3 4
X
Autocorrelation Ry

This 1s called White
Noise
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White Noise

ARMA signal:a=[1 0], b=[1]

0 200 400 600 800 1000 1200
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PSD

Bartlett Estimate with 16 averaged periodogram blocks

1\//\f\/\\ln/\a/\"\rx/l l\i"‘\f'/\aAr\vAf’\[\
v AAAY V\/\JVV AR Vo

0 . . . . . .
-0.5 Hz 0.5 Hz

Autocorrelation

12

08

06

04 r

02

= e aV

02

0 5 10 15 0 20 25 30 35
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12

08

06

04

02

Autocorrelation

5 10 15 0 20 25 30 35

ARMA signal:a=[1 0], b=[1]

0 200 400 600 800 1000 1200
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Wiener Khintchine Theorem (?)
The Power Spectral Density is the
DTFT of the autocorrelation

) “i" ( ) 2 o0 . B 112 o
th_m%= Z.Rx(m)e j2mmf R, (n) = ISx(f)é’ ! df

=DTFT of R, =S,(f)

-1/2
m=—0
1/2

R (0)= [S.(N)df

=1/2

What does a narrow band spectrum random
process look like? Suppose Sx(f) = KA/

Re(m)= [ S,(f)e”™ df
(K) K -2

12

=K [ 1801 df =K

-2

PSD Sy Autocorrelation Ry
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30

ARMA signal: a=[1-1], b=[1]

1
200

L
400

1
600

800

1
1000

1200
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x 10"  Bartlett Estimate with 16 averaged periodogram blocks

Autocorrelation
200 T T T T T T T

180 F 4

160 -

140+ E

120+ E

100+ E

80 E

60 E

20

0 L L
Press ang key to ggit. 15 %9 25 30 35 40
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Autocorrelation
200 T T T T T T T

160 b

140 -

120 .

100 .

80} B

60 F b

40t .

201 B

u 1 1 =
(Press ang key to ggit. 15 28 25 30 35 40

ARMA signal: a=[1-1], b=[1]
30 T T T T T

1 1 1 1 1
0 200 400 600 800 1000 1200
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Wiener Khintchine Theorem (?)
The Power Spectral Density is the
DTFT of the autocorrelation

‘;(N( ) ? - —-j2mm — ¢ J2mn
N—x #=m;IRX(m)€ ! v RX(H)_:LSX(f)e fdf

=DTFTof R, =S, (f)  R,(0)= j S (f)df

-1/2

What does a narrow band spectrum random
process look like? Suppose Sx(f) = Ko(f-fy) +
Ko(f+fo)

| =K [[8(f = £)+8(f +£,)e”™ df
PSD Sy

= K [e*™ 4 &7 | = 2K cos 27 fyn

lim

K| Ry(n)= Tsx(f)eﬂ”w

—172

Autocorrelation Ry
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Narrowband spectrum

0 ARMA signal: a=[1 -1.8478 11,b=[1]

60

40 F

20

40+

0 200 400 600 800 1000 1200
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PSD

.. 1(Bartlett Estimate with 16 averaged periodogram blocks
5 F T T T T T T

ol ]
35 b
)l ]
257 1
)L ]
T f=+1/32 Hz 1
fl ]
o I -
o S ATA ......... R—
-0.5 Hz f=0Hz 0.5 Hz
Am?correlat!on
I
. . 0 . . ‘
0 5 10 15 20 25 30 35
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100

80

60

arrowband spectrum a = ll — 2 * cos (—
ARMA signal:a =[1 -1.8478 11, b =[1]
200 200 600 800 1000
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ZTT
16

1200

340



Wiener Khintchine Theorem (?)
The Power Spectral Density is the
DTFT of the autocorrelation

‘;(N( ) ? - —-j2mm — ¢ J2mn
N—x #=m;IRX(m)€ ! v RX(H)_:LSX(f)e fdf

=DTFTof R, =S, (f)  R,(0)= j S (f)df

-1/2

What does a narrow band spectrum random

process look like? Suppose Sx(f) = Ko(f-fy) +
Ko(f+1)

| =K [[8(f = £)+8(f +£,)e”™ df
PSD Sy

= K [e*™ 4 &7 | = 2K cos 27 fyn

lim

K| Ry(n)= Tsx(f)eﬂ”w

—172

Autocorrelation Ry
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Random-Phase Sine Wave
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¥

Rx(217) 1s large positive

Ay, A
TN

Rx(17) 15 large negative
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Spectral properties of linear time
invariant systems

Force

Response

/\,/w
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and the net response at time 7" equals
()

/\.T, _
VAAr

I/ o

T

F(0)y(T) + F(t)y(T-T) + FQT)y(T-21)
+FGTy(I-31) + ...
(CONVOLUTION!)
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hf
X() (n) V)
| Black box filter -
Input Output
Input | Quiput
0 1 0 0 0 | hiin)
0 0 4] 1 | h(n =)
0 0 0 0 X (m) | X(mda(n —mi
X100 X xmm o e Xfm-1  Xlm) XGm=1 - |3 X(mdhin—mi

M= —es
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Figure 3.5 Linear time invariant system responses

h(r)
X(n) Y0r)

> black box filter >
input output

Y(n)= SX( m(n—m)

LImpulse response

(Convolution Theorem)
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Figure 3.5 Linear time invariant system responses

)
) )

v

black box filter
input output

Y(n)= ZX( mh(n—m)

Impulse response

12 _ .
Xo= [ X(He™ df
=112

T PN
. & 4l &

Yn)= [Y()e™df= [H(H)X(f)e™ df

v

Some students had
trouble following this
discussion of transfer
functions. The topic is
revisited in lectures 18
and 20.
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snider
Text Box
Some students had trouble following this discussion of transfer functions. The topic is revisited in lectures 18 and 20.


Fourier transfoem X ()

g

Fitee transferrs 11(f)
Mo

Fikered Fourier transform H{ ) X ()

Figure 3.6 Narrow band pass filter
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How do you find H(f) ? EASY
Let the input be a sinusoid:

Xin)=e*"

Since it's a linear time invariant system
the outwill be easy to find. ‘
And this output will be H(f) times &’*™

because }(ﬂ = H (f) l(f )

So erase the €™ and read off H(f)
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Let the input be a sinusoid: Q) _e,-':-,»g,r‘

Since it's a linear time invariant system
the outwill be easy to find.
And this output will be H(f) times &*m"

because Y (f) = H m T[(f)

So erase the ¢ and read off H(f)

o e e o

Example. Suppose the system is
Y(n)=05Y(n-1)+01Y(n-2)+2X(n)+X(n-1)
Let the input be J-‘L’(ﬁ)=¢=5":".'?‘lf -+ Then

H(f) ef:.w' —0.5 [_’I(f)e,fl::n-'. f . O.U_“I(j)e,:‘::{ f
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What if the input is a random process
with PSD Sy(f) and autocorrelation
Rx(n)? What's the PSD and

autocorrelation of the output Ry(n)?

Y(m)="Y X(m)(n—m)

Ry(n) = E{Y ()Y (0)}
Y(mY(0)= > h(n—m)X(m)Y(0)= > h(n—m)X(m)> h(-p) X(p)

M=— p=

R,(m)y= Y hn-m) 3 h(=p)R,(m=p); thus

p=—x

R,(1)= 3 hn-m)Qm) and Q(m)=">h(~p)R,(m— p).

(a "double convolution")

Now take Fourier transforms:

Sy@) = HNH QW) = HF) By (HSx () =| H S ()
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A little unnecessary nomenclature:

o0

Yom)= Y him-r)X(r)= 3 h(p) X(m - p)
F=—o0 p=—=

) X() = Y p) X(m=p)X ()
"Cross Correlaiion"
Ryx(m,n) = ¥ _o h(p)Rx(m —n —p)
= Yp=-wh(P)Rx([m —n] — p) = Ryx(m —n)

"Cross Power Spectral Density"

Syx(f) = FT{Ryx(m —n)} = H(f)Sx(f)
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Example. Suppose the system is

Yn)=05Y(n-1)+0.1Y(n-2)+2X(n)=X(n-1)

Let the input be  X(17)= o< . Then

2o | j2r(n-l)f

+2¢ e

o e-ﬂ@’

H(f)= _ _
) 1-0.5¢7%7 —0.1e7*

Suppose X(n) is white noise with power = 5.

5'(,_.{.,-"'155

Sy = H()Q) = HOHew(HSx ()=l HF S (/)
L 2T
«T€ 2
S (f)= —|’5
(/) 1-0.5¢7°7 —0.1e™7*

What's the autocorrelation of the output?

0.5
Ry(n) = J |1—0.53—f2’f—0‘1e—f4“f| > e I
-0.5

What's the power in the output?

0.5
21e 5
Ry (0) = f C0se7 —o1e7 ° Y
-0.5
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Summary: Spectral Properties of Discrete X(n)
and Continuous X(7) Random Processes

4mE E N W N W NN N NN N NN W NN N NN W NN W NN W NN W NN N EEN N EEN N EEN N BN N BN N N - §

Discrete: Frequency fis measured in cycles
per sample: -2 <f<'

Continuous: Frequency f'is measured in cycles

per second:
T T rmr T T T T T 'S
: X+X,- =X
1o 174 N
Discrete ergodicity: E{X,j=kmy., N
Y XX,
R’: =].m1 Nerm e | t =N
; N
_ J.‘T"X(r) dr
_ E{X(@)}=1lim,  ——
Continuous: r

Fourier Transform
Disc_rete

z 12 .
X(H=Y X  X(n= | X(He*¥df

= -112

Hoam=—i2

Continuous
X(H) =7 X(®) e727 de
X(N) = [2,X() e df
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Parseval

Discrete =« 1/2

> Xy = [ 1 X()Pdr

-1/2

Continuous ]: | X)) dt = ]: \‘;((f) > df

Power Spectral Density

S.()= Y Ry (ke ™

k=0

Discrete

Ry = [S,(/)e™™ df

—1/2

Continuous

Se(N= [Ree ™ a
= Re()= [Sc(f)e”*™ df

White Noise
Discrete §_(f)=1, -1/2< f<1/2
Ry, (n)=90,, (unit power)
Continuous
S, (f)=1, —c< f <o (unit power density)
R, (t) = 6(t) (infinite power)
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Linear System Impulse Response

Discrete

Y(n)= ih(n —m) X(m)

m=—aL

Sy (N =l HOF Sy ()

Continuous

Y(£) = ]Ch(t— DX(r)dr

S,(N =l HPOI S ()
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Lecture 13

March 1, 2017

Chapter 4. Models for Random Processes
4.1 Differential Equations Background
4.2 Difference Equations

4.3 ARMA Models

4.4 The Yule-Walker Equations

4.5 Construction of ARMA Models

4.6 Higher-Order ARMA Processes

4.7 The Random Sine Wave

4.8 The Bernoulli and Binomial Processes
4.9 Shot Noise and the Poisson Process
4.10 Random Walks and the Wiener Process
4.11 Markov Processes
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d'x _d dx(0

f+2—r+2x=531nr= x(0)=1, 0

d dr ar
X(1) = Xp0e(1) + Xiornog(1)

=sint—2cost+c € cost+c, e sint

dx . Hlx(r-Ar)-x(r)

-7
= -

df A= Af
dc  x(t+Ar)- x(1)

dt At
d'x x(t+20)-2x(t+An) +x1)
dr AP

x(0) =1
x(Af) = 2Ar+1

x(2A9) = {2 =2A83( Af) +{~1+ 24 =2 A }x(0) = 5 A¢” sin 0
x(3A7) = {2-2A1}x(2A8) +{—1 4+ 2A¢ = 2A¢*}x(Af) - 5 A sin At

x(nAf) = {2-2Ae}x([n—1]A0) +
(=14 2Ar—2Ar ([ - 2]A8) = 5 Af” sin( n—2)Az
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Autoregressive-Moving-Average ARMA(p,q)

x(n)=a(l)x(n—1)+a@)x(n—2)+ -+ a(p)x(n —p)

autoregressive of order p

+b(0)v(n) + b(Dv(n—=1) + -+ b(q)v(n — q)

moving average of order q

In most cases v(n) 1s white noise:
E{v(n)} =0,

E{v(n)v(m)} = 02671171
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The Yule-Walker equations relate the
coefficients a(l), ..., b(0), ...

to the autocorrelation
Rx(k) = E{X(m)X(m+k) } .

Given the coefficients, they can be
solved for the autocorelations.

Given the autocorrelations, they can be
solved for the coefficients.
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To get the Yule-Walker equations,

1. write the ARMA(p,q) equation for
X(pt+q). For ARMA(2,0):

X2)=a(1) X(1) + a(2) X(0) + b(0) 1(2)
2. Multiply this equation by X(0), X(1),
up to X(p+q); and by V(p+q), V(p+g-1),
down to V(gq). Then take expected
values.

E{X(0) X(2); = a(1) E1X(0) X(1);
+a(2) E{X(0) X(0); + b(0) E{X(0) V(2);

Ri(2) = a(1) R(1) + a(2) R{0)

EX(D) X(2)§ = a(1) E1X(1) X(1);
+a(2) E1X(1) X(0); + b(0) £1X(1) 1(2);

Ry(1) = a(1) Ry0) + a(2) Rx(1)

EX(2) X(2)} = a(l) E4X(2) X(1)}
+a(2) E{X(2) X(0); + b(0) E{X(2) V(2)}
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X(2) =a(l) X(1) + a(2) X(0) + H(0) 1(2)

2. Multiply this equation by X(0), X(1),

up to X(p+q); and by Viptq), V(p+g-1),
down to V(g). Then take expected
values.

£1X(0) X(2)} = a(1) E{X(0) X(1);
+a(2) £1X(0) X(0); + b(0) £1X(0) M(2)}

Ri(2) = a(1) R(1) + a(2) R(0)

E1X(1) X(2); = a(1) £1X(1) X(1)}
+a(2) E1X(1) X(0); + b6(0) £1X(1) M(2)}

Rx(1) = a(1) Ry0) + a(2) Rx(1)

E{X(2) X(2)} = a(l) E{X(2) X(1)§
+a(2) E{X(2) X(0); +D(0) £0X(2) 1(2); T

EV(2) X(2)} = a(1) E{V(2) X(1)}
+a(2) E{V(2) X(0)5 + b(0) E{V(2) V(2)]

EV(2)X(2)}=0+0+ b(O)G:
R(0) = a(1) Ry(1) + a(2) R«(2) + b(0)* 0>
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Rx(2) = a(1) R(1) + a(2) Rx(0) .
Rx(1) = a(1) Rx(0) + a(2) Rx(1) .
R(0) = a(1) R{(1) + a(2) R2) + b(0)* &>

—a2) -a(l) 1 TR, (@] o ]
—a(l) [1-a(2)] 0 | Ry(1) |=|0
1 —a() -a(2) | Ry(2)| |5(0)’c* !

a(l) | [Rx(Q)]
a2) |=| Rx (D)
5(0)* | [ Ry(0) ]

R:() Ry (0) O
Ry(0) Ry O
R;() Ry(2)

-

For higher n,
X(2)=a(l) X(1) + a(2) X(0) + b(0) V(2)

Rx(n) = a(1) Rx(n-1) + a(2) Rx(n-2)
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To get the Yule-Walker equations,

1. write the ARMA(p,q) equation for
X(ptq). For ARMA(3,1):

X4)=a)X(3)=a(2)X(2)=a(3)X(1)

b0 (4)=5(1)F(3)

2. Multiply this equation by X(p+q),
X(ptq-1), down to X(0); and by V(p+q),
V(ptqg-1), down to V(g). Then take
expected values.
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X(4)=a(l)X(3)+a(2)X(2)+a3)X(1)
=b(0)V(4)=b(1)V (3)

Rx(4) = a(1) Rx(3) + a(2) R«(2) + a(3) Rx(1)
Rx(3) = a(1) R(2) + a(2) Rx(1) + a(3) Rx(0)
Rx(2) =a(l) Rx(1) + a(2) Rx(0) + a(3) Rx(1)
Rx(1) = a(1) Rx(0) + a(2) Rx(1) + a(3) Rx(2)

+b(1) E{X(3) V(3)},
Rx(0) = a(l) Rx(1) + a(2) Rx(2) + a(3) Rx(3)
+5(0) E{X(4) (4)} + b(1) E{X(4) T(3)}

o e e e e

E{X(4) V(4)} = b(0)0”
E{X()V(j)} = b(0)a”

e e e e

E{X(4) V(3)} = a(1) E{X(3) V(3)} +(0) + b(1) 6°

= a(1) b(0)2 + b(1)52
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0 -a@®) —a2) —a) 1 [R,.(0)]
—aB) -a(2) —a(l) 1 0| R,
—a(2) [-a(3)—a(l)] 1 0 0| R(2)
—al) [1-a@)] -a(3) 0 0 |R:(3)

1 —a(l) —a(2) —a(B) 0| R, (4)
p .
0
=10
b()b(0)o*
| {6(0)* +b(D[a(D)b(0) +b(D]}o*
For higher n,

X(4)=a(1)X(3)+a(2)X(2)+a3)X(1)
=b(0)V(4)+b(1)V (3)
RX(n) a(l) Rx(n-1) + a(2) Rx(n-2) + a(3) Rx(n-3)
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0 -a(3) —a2) —a@) 1 [R,(0)]
—a(3) —a(2) —a(l) 1 0 |R,.()
~a2) [~a@)-a®)] 1 0 0| R.(2)
—a(l) [l-a@)] -a(3) 0 0 |R:(3)

1 —a(l) —a(2) —a(B) 0| R,(4)

r _
0
=10
b(D)b(0)s?
| {6(0)" +b(D[a(DB0) +b(D]}o*

e e e e

For higher n,
X4)=a)X(3)=a(2)X(2)+a(3)X(1)
=b(0)V(4)=a(1)V (3)
RX(n) a(l) Rx(n-1) + a(2) Rx(n-2) + a(3) Rx(n-3)
But the equations for the

ARMA(p,q) coefficients are ugly
when g > 0.
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Here's a problem. If you type
> help filter

in MATLAB, you'll learn that MATLAB's
notation for the ARMA equation is

a(1)*y(n) = - a(2)*y(n-1) - ... - a(na+1)*y(n-na)
+ b(1)*x(n) + b(2)*x(n-1) + ...
+ b(nb+1)*x(n-nb)

but ours is

x(n) =a()x(n—1)+a2)x(n—2) + -+ a(p)x(n —p)

autoregressive of order p

+b(0)v(n) + b(Dv(n—1) + -+ b(q)v(n — q)

moving average of order q

So MATLAB'sa(l)is 1,
MATLAB's a(2) is our -a(1),
MATLAB's a(3) is our -a(2),
MATLAB's a(na+1) is -a(p).,
MATLAB's b(1) is our b(0),,
MATLAB's b(2) 1s our b(1), and
MATLARB's b(nb+1) is our b(q).
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MATLAB's notation for the ARMA equation is

a(1)*y(n) = - a(2)*y(n-1) - ... - a(na+1)*y(n-na)
+ b(1)*x(n) + b(2)*x(n-1) + ...
+ b(nb+1)*x(n-nb)

but ours 1s

x(n) =a(Dx(n—1)+a(2)x(n—2) + -+ a(p)x(n —p)

autoregressive of order p

+b(0)v(n) + b()v(n—1) + -+ b(q)v(n — q)
moving average of order q
So MATLAB's a(1)is 1,

MATLAB's a(2) is our -a(1),

MATLAB's a(3) is our -a(2),

MATLAB's a(na+1) is -a(p).,

MATLAB's b(1) is our b(0),

MATLAB's b(2) 1s our b(1), and

MATLAB's b(nb+1) is our b(q)-

To use MATLAB's Y = filter(B,A,X),

in MATLAB define
X=[Y(1),Y(?2),...]

B =[b(0), b(1), b(2), ...]
A=[1,-a(l),-a2),...]
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Random-Phase Sine Wave
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A o8t

06

0 10 ™ ™ o @ & 0 @ 9 1w
2xiQY

Figure 4.1. Random Sine Wave

X(t)=Acos (Q-®)
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X(t)=4cos (Qt - D)

() = EX () =

Il [a cos (01 + 9) £,(a)f (0) f5(9) do do da

_________________________________________________________

R.r(fl:t: ) =E{X(t1 )X(t: )}=
H].:f cos(ar, +@)cos(ar, +d) f,(@)f (@) f (¢)dédo da
000

L1 )

_ j j Ia_ cosaft, —1,] +cos(aft, +1,]+20) 1@ @) é)dédoda

000 -

e e e -

pdf fo(¢) is uniform (equal to 1/2717)
Mo (1) = E{X (1)} =

;”af,(a)fn(w)f cos (ot + @) dodo da=10
0

374



X(t)= A4cos (Qr - ®)

e e

pdf fo(¢) is uniform (equal to 1/217)

ﬂsine(r) = E{X(f)} =0

_____________________________________________________________ -

R.(t,.1,)=E{X(1)X(t,)}=

[[[a’ coster, +d)cos(ar, +9) f, (@ f @), ()dd de da
000

@ 2r

_[[ o LAt meos A B £ ) 0, (@)dédoda

000 -

Rsine(zk f:) =

1% 2 7 *F cos oft, - 1,]+ cos (@[t~ 1,]+ 29) .
[ f@da] gy o) [ 2Bl Clab]229) 4y

cosat, :r:]+ (0) do

=ﬁl?a:f4(a) daf Jfal@)2r
27 d

=é1~:{.43}f fal@) cosalt, -1,] do

-
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X(t)=Acos (Q-P)

e

pdf fo(¢) is uniform (equal to 1/217

Hioe(t) = E{X (1)} =0

Rx(1,t2)
kel (a)daf e
%E{i}j fol@) cosalt, -1,] do

Stationary!

Certainly not ergodic!

[} 0 XV I & S @0 N W W 00
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X(t)= A4cos (Qt - D)

o e o o o

pdf fo(¢) is uniform (equal to 1/277)

ee(1) = ELX (1)} =0

e -

Rx(fz,fz)
=— j a'f,(a) daj fal@)27

cosaft, ;tz ]+(0) do

=;1~:{.-42}j' fal@) cosalt, -t,] do

i e -

Sl = [Ry(De* T dr
= %E{A:}I Frl@) j cosoTe T drde
- C'

® 5(,)—‘f7+5(—+f)
—E{i }j fal@)—=L do

2
-

= ?E{A‘}fn(] 27 )
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Bernoulli Process

Independent Coin Flips

Summary: Bernoulli Process

ith probabili
Forn=1,2,3,..., X(n)={a with probability p }

b with probability 1— p

HBernoulli = E{X(?Z)} =pa + (l'p)b

Rpermouli (171, m2) = E{X(n1) X(n2)}

2

pa’ +(1-p)b* if n,=n,
7 if n #n,

RBemoulli (m) = ﬂz:mou]li + [paz + (1 - p)b2 - "u;cmcmni ]5’"0

B

SBermoulli (f) = #immﬂﬁ 6(f) + pa2 + (l_ p)b2 - #irmm)ﬂi :
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Summary: Bernoulli Process

ith probabili
Forn=1,2,3,..., X(n)={aw1 provabitily p }

b with probability 1- p
HBernoulli = E{X(n)} =pa-+ (l'p)b

Rgernoulli (nls ny) = E{X(nl) X(”-’)}

2

_|pa+(1=p)b ifn =n,
RV if n #n,

Rgermoulii (1) = /Uimum + [p(f +(1- p)b2 - :uimum 16,0

P
-

SBernoulli (f) = ;uz S(f) + p(f +(l —p)b2 — i

Bernoull Bernoull
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Binomial Process

Accumulation of Bernoulli Trials

Summary: Bernoulli Process

F 123 X0 a with probability p
orn=1,2,3,..., X(n)= . ..
b with probability 1— p

UBemoutti = E{X(n)} = pa + (1-p)b

a +(1-p)b* ifn =
RBesnoutti (711, 112) = E{X(m) X(m2)} = {Pz P f ”2}
Mo ifm#m

Reeoui(m) = 4__ +[pd’ +(1-p)b* -4 18,

SBemoulhm = pinwm 5(ﬁ + pa2 +(]'_p)b2 _‘uz.munui'

Xbinomial(n ) = Zh1n XBernoulli(k)
Summary: Binomial Process
Prob{X=a} = p, Prob{X=b} = 1-p

binomial(7?) = n[pa + (1-p)b]

Riyomia (1,1,) = "Inzﬁfmmh
+[pd +(1- p)p® — g Jmin(n,n)
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Binomial Process
Xbinomial(n) = Zk=1n XBernouIli(k)
uBernoulli = E{X(ﬂ)} — pda + (l'p)b

ubmomlal(n) = E{Xbmon:ual(n)} =

E{ ZXBemoulli(r) } = MUBemoulli = N[pa + (l'p)b]
r=1

R‘oir.omial( ?11, H’Z ) =
E{(XB-:-:::O'.;II(D T XBe.-noullﬁz) Tt XB.;-\:]:_Q;H(”I ))X
(XBemoulI(I) + XBe.'!:oullﬁz) ...t XBen'.o'.;lI£ H: ))}

-
-

Rgermoutti (m) = ﬂ:m_“____'*' [Pa: +(1- P)b: “H ]5*

By

Rbi::o::.ial (nl= " )
- nl[p.c;v2 +(1-p)b’]+ (mn, — ”1)”:;,4-,;
= ”1"":1‘:.._,,_-;;
+[pa* +(1- p)b* - #i_ﬂ_; Jmin( . 7,)
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Binomial Process

Probability of » a's in n trials =

Prob{Xpinomiat(n) = Z?=1XBernoulli(n) =ra+ (n—r)b}

=(prr@-p" .
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sl () 57

Colonnes: n=11

Probabilités: p=
Probabilité inve:
Nombre de bouls
Evénements:200
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el rmf sty e
A, B sty

Figure 4.2 Galton machine
© UCL Galton Collection
(University College London)
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Approximation of Binomial by Normal
Prob{X=a} = p, Prob{X=b} = 1-p

Hbinomial(n) = n[pa + (l'p)b]

Rbinomial(nl ? nZ) = nl”Z#immm
+[pa +(1-p)b* — . mings,,n,)
Prob{X,imomiat(n) = Z?=1 Xpernowni(n) =ra + (n—r)b}

=Mpr@—-p)" .

« T

" 7@, ! _ '  rattn-r)b

Binomial N{”binomial (n)» \/Rbinomial (nr n)}
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Poisson Process
Shot Noise

(Random Arrivals)

t ¢ t tt¢t ¢t t ¢

+—— t —>

F
~
A J

Figure 4.3 m=9 events in an interval T

One ampere equals 6.24150975e+18 electrons per
second.
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t ¢ t tt¢t t ¢t ¢t

L Y

—  ——

T

the probability of » of the m events

landing 1in the interval /; is given by
m\t , I'—t_,._,
[n J(T) ( T )

let 7" and m go to infinity in this

= A

model while

~| 3
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()" (—)“’"

n'(m m! T
=t_": m(m—l)(m-gz...(m—n+l) (l-i)"’ (1-1)’“
7! T
_ t_' e mn=m=2). (m=n+D) | _)_,, - )'?'?
W T m om o om .. om
H b .. ¢,ﬂ
o : TGS
nl .
O
nl
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Lecture 15

March 8, 2017

Recall binomial process:
probability of » successes
in n tries.

Prob{X=a} = p, Prob{X=b} = l-p

Mbinomial(n) = n[pa + (I'P)b]

Rbinomial(nl > n?.) = nln?-‘u:emmﬂﬁ
+[pa +(1-p)b* — g mings,n,)

Prob {Xpinomiat(n) = }L=1XBernouui(n) =ra+ (n—r)b}

=(Dprr@-p".
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Approximation of Binomial by Normal
Prob{X=a} = p, Prob{X=b} = 1-p

Hbinomial(n) = ?’I[Pa + (I'P)b]

Rbinomial(nl 2 n2) = n‘anﬂ imoum
+[pa +(1-p)b* — . mings,n,)
Prob{Xyimomia (1) = Z?:l Xpernouni(n) =ra+ (n—r)b}

=(p @ —-p.

< T~

: 7\ ' _ ' ~ rat(n-r)b

Binomial N{tpinomiar(n), \/Rbinomial (n,n)}
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Approximation of Binomial by Normal

Prob{X=a} = p, Prob{X=b} = 1-p
Mbinomial(#7) = H[Pﬂ’ + (1'P)b]

Rbinomia] (nl ? nl) = nlnz ﬂimw
+[pd +(1=p)b* =2 Jmin(y,,n,)

Prob{Xpimomicat () = Z}l=1 Xpernowi(n) = ra+ (n —r)b}

= (pra-p.

T

. 7y ) ' - rat+(n-r)b

Binomial N{tpinomial (n), \/Rbinomial (n, 71)}

The binomial process is certainly not
stationary. These curves migrate to the
right and broaden as n incleases.
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Recall binomial process:
probability of » successes
in n tries.

Prob{X=a} = p, Prob{X=b} = 1-p

’J-binomial(n) = n[{)a + (I‘P)b]

Roinomial(nl ? nE) = nlnyu]immﬂh
+[pa® +(1=p)b* — . mings,n,)
Prob{Xpinomia(n) = Z}LleBernoulli(n) =ra+ (n—r)b}

=(pr@-p.
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t ¢ t t ¢ttt ¢t t ¢t

e  —

A
~

Random Arrivals:
probability of r arrivals in time t when

the average number of arrivals per
unit time is \ .

iy =%,

!

393



t ¢ t t ¢ttt tt ¢

- —p

The Poisson process 1s the
accumulation of random arrivals
sincetr=0.

t ¢+ t ttt t ¢t

A
Number of events

time
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t ¢+ t ttt tt1

Number of events

v

time
electrons crossing a junction
customers arriving at MacDonald's
incoming calls at a information service
cars approaching a toll booth
airplanes coming in for service

QUEUEING THEORY:
How many servers should you hire
to avoid long waiting times?
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Random Arrivals:

probability of r arrivals in time t when
the average number of arrivals per
unit time is \ .

P(r:f) = (Ar) ot

rl

A little mathematical song and dance.
1. Is the total probability of 0, 1, 2, 3, ...
arrivals in any interval equal to one?
2. Is the expected number of arrivals in
time f equal to \t 2

3. Are the number of arrivals in distinct
time intervals related, or independent?
4. What are the statistics for the waiting
time, until the next arrival?

5. How about the next n arrivals?

6. What is the pdf, mean, and
autocorrelation of the Poisson process
(accumulated arrivals)?
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P(rit)="—"21re"

1. Is the total probablhty of 0,1, 2,3, ...

arrivals in any interval equal to one?

At
Z( ) =1 (since Z( )

= o N

2. Is the expected number of arrivals in
time f equal to \t 2

= s =1

> al ity B ey
‘f‘ 7! m(n-1)!
(~1)! = o0

3. Are the number of arrivals in distinct
time intervals related, or independent?

Yes. See page 131.
"Independent increments”
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P(r; r)-@e

!
6. What 1s the pdf, mean, and
autocorrelation of the Poisson process ?

N
J.0 fXPoisson(f) (X) dx =
probability that x <N

N (At)"
— &n=0 ‘
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As a function of x (with t fixed)

N
J.O fXPoisson(f) (JC) dx =

[+

(]
U]

o | 2 3 X

pdf

o functions
0] I
T

w @A" _
fXPoisson(t)(x) = ZTI=0 n! € At(s(x - TL)
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mean

© (At) -
fXPoisson(t)( ) Z lta(x - n)

#P::::c':(r) =E {X Psz::c»:( t)} = _[ x f:’{;_._,m{r} (t) dx

(/z) (/t)
—Zn =/ Z (n—l)'

_/z{z (’ ) ey = At-(1)
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antocorrelation

Py =),

y!

V.(./‘Z') _1 %’ (/[) =/:_2.’

n!

n -" ".' n d.

assume t; < t,
RPoisson(t IB) t2) -
()" . (At ‘ﬁ])
n,! P!

@ (;1.1.‘1)'ll _‘&Z (A, —1])" Ml
p

l) —da (1[12 TE tl])’ —Atral
3 Zrt, —"1! e ZP—p! ¢
% (2:) et D+ Z w‘)q €™ Gtz —D

anz (nll) e + A1, (At, -1, ])

n=0

_Z"l 1_1)1 e+ 24 (A -4
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autocorrelation assume t; < t,

) _
—":o"l ("1_1)!3 + A1 (A, —1])

o -1
=) (m -1 —— (44)

n=0 ( B 1)'
A )~
+MZ(1) —1 1 e + At (A1, —1,])

= (;“1 Xjfl) + AL (1) + Af, (A1, — 1 ])
= At + A1,

y = 2 . . )
RPOiSSOH(tlo t2) R m.m: [, . [, ’: + 4 LI
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Autocovariance

(Second moment identity)
CPoisson(tla t2) = RPOiSSOl’l(tla t2) - E{X(tl)}E{(X(tZ)}

=/mn{ 4,4, )+ A4,

-

g° = ",Jr (not stationary)

The mean and the variance of the
Poisson probability are the same.
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Autocovariance

(Second moment identity)

CPOiSSOH(tla t2) = RPoissc:,n(tla t2) - E{X(tl)}E{(X(tZ)}

."___‘___———_~\

=/mn( 4,4 )+ A4,

______
Y ~

- Sem- -7

- N —————

B T st

~
~_—~
=
-
~—
So
~— ’,
......
__________

The mean and the variance of the
Poisson probability are the same.
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4. What are the statistics for the waiting
time, until the next arrival?

(i)

e -l

P(rit)=

rl
1 arrival in dt, O arrivals in previous t

/;..dre-.-idr (/;.I): e—x’.f

ft)dt= ; 5

=2 e__.:_.r dt e-_.i_ dr _ y) e-..i.r di~ O( df:)

LS

-

The waiting time problem has an
exponential pdf.

Mean = 1/ .
Standard deviation = 1/\ .
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5. How about the next n arrivals?

1 arrival in dt,
n-1 arrivals in previous t

- -idrt . on=l =it
£()dt = Adte ™ (At) e
1! (n-1)!

(i) e
rian [)=74
Jerag(1) (n=1)
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Lecture 16
March 20, 2017
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Consider two different ways to

analyze a linear time invariant
system:

1. Using the impulse response;

2. Using the frequency domain.

408



1. Use the impulse response.

Force

Response

/\,/w
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y(t) (the impulse resonse)

T

F(0)y(T) + F(t)y(T-T) + FQT)y(T-21)
+FGTy(I-31) + ...
(CONVOLUTION!)
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Figure 3.5 Linear time invariant system responses

k()
X(m) Y0i)
> black box filter >

input output

&
Y(n)=Y X(mh(n-m)
- Some students had trouble
M= following this discussion of the
Impulse response transfer function. The topic is
revisited in lectures 18 and 20.

According to the Convolution Theorem

VN
Y(N=HN X/

1 _ -
X(n)= | X(He ™ df
112

Transfer function

] bl
- &

Y0)= [F()e™df= [Hp X df

411


snider
Text Box
Some students had trouble following this discussion of the transfer function. The topic is revisited in lectures 18 and 20.


Bottom Line:

If X(f) is the Fourier Transform
of the input, and

H(f) is the FT out the impulse
response, then

H()X(/) is the FT of the output.
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Frequency Domain Analysis

Express the iput as a superposition
of sinusoids:

Fourier Transform
Discrete ) 11
XH=>Xye™ Xm)= | X(f)e"™ df
-1

le—]

Continuous
X(H) =0 X e 2 qt
X(f) = [Z,X(F) e af

Find the response to a single sinusoid
" (call it Ygu(7) (or Yn(2:1) ) -
It will be a multiple of ¢*" :

Ysin(t; f) = l?5?1".'1 (f)ejZ'nft
Then the output will be

Y(t) = [7 X(f) Yo (t; £)df

= [7 X(f) Vain(Fel?™t af
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Compare.

Y0)= [V df= [HN ()™ df

1/
4l &

Y(t) = [7 X(f) Yo (t; )df

= [7 X(f) Vun (F)e> It df

So the transfer function is the
response to the input eJ2mft

(divided by e/2m/t ),
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Let the input be a sinusoid: Q) _e,-':-,»g,r‘

Since it's a linear time invariant system
the outwill be easy to find.
And this output will be H(f) times &*m"

because Y (f) = H m T[(f)

So erase the ¢ and read off H(f)

o e e o

Example. Suppose the system is
Y(n)=05Y(n-1)+01Y(n-2)+2X(n)+X(n-1)
Let the input be J-‘L’(ﬁ)=¢=5":".'?‘lf -+ Then

H(f) ef:.w' —0.5 [_’I(f)e,fl::n-'. f . O.U_“I(j)e,:‘::{ f
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What if the input is a random process
with PSD Sy(f) and autocorrelation
Rx(n)? What's the PSD and

autocorrelation of the output Ry(n)?

@

Y(n)= EX{ m(n—m)

-

Ry(n) = E{Y(n)Y(0)} \\

o0 o0 \‘ o
Y(mY(0)= " h(n—m) X(m)Y(0)= 3 h(n—m)X(m) > h(-p) X(p)

=—0 H=—

R,(m)y= Y hn-m) 3 h(=p)R,(m=p); thus

p=—x

R,(1)= 3 hn-m)Qm) and Q(m)=">h(~p)R,(m— p).

Mm==a0 p=—=

(a "double convolution")

Now take Fourier transforms:

Sy@) = HNH QW) = HF)Hyer (HSx(F)=| H S ()
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Example. Suppose the system is

Yn)=05Y(n-1)+0.1Y(n-2)+2X(n)=X(n-1)

Let the input be  X(17)= o< . Then

2o | j2r(n-l)f

+2¢ e

o e-ﬂ@’

H(f)= _ _
) 1-0.5¢7%7 —0.1e7*

Suppose X(n) is white noise with power = 5.

5'(,_.{.,-"'155

Sy = H()Q) = HOHew(HSx ()=l HF S (/)
L 2T
«T€ 2
S (f)= —|’5
(/) 1-0.5¢7°7 —0.1e™7*

What's the autocorrelation of the output?

0.5
Ry(n) = J |1—0.53—f2’f—0‘1e—f4“f| > e I
-0.5

What's the power in the output?

0.5
21e 5
Ry (0) = f C0se7 —o1e7 ° Y
-0.5
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7. a. What 1s the unit impulse voltage
response of the RC circuit in Figure
3.11 to a current input?

b. If the input current X(7) has zero
mean and autocorrelation(jand the
output voltage Y(¢) has average power
10, express the integral for the output
autocorrelation Ry(7).

@ % el
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Resistor
I

1
Vv R

[=V/R

R:Rl +R2
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Resistor

c Y-V
Vv C "R
;
R, } ‘\W
<: - }R=R]+Rp_
R, > r
T "Parallel"
R

I/R=1/R;+1/R,
"Series"
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Voltage Divider

1

V/V — Rl/(R1+R2)
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Capacitor 1n the frequency

domain
I av
:’\&
V = e/t I = Cj2nf el2nft
V 1 n n
- = - = R
I j2mfC

—

l
—_—'\— — j2mfC

C
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Inductor in the frequency domain

I
+

V L
V =L dl/dt

[ =el*™t vy jonf et

- = j2nfL ="R"

L % = j2nfL
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So the transfer function is the
response to the input ,j2nft

(divided by e/27/t ),

Sy = HHQW) = H()Hreo (F)Sx (A= H S, ()

R € ——

.e)'?-ﬂft 1
Jj2mfC

1
R,p = ——
@ % AC — —+j27rfC

LJ2mft
e 1

= [Ry = e/?™t
—+)21rfC
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Next Assignment

-+ Vout
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Random Arrivals:
probability of r arrivals in time t when
the average number of arrivals per

unit time is \ .

(A1) r)

y!

P(rit)=

426



t ¢ t ttt t ¢

t

A
-*

The Poisson process 1s the
accumulation of random arrivals
sincet=0.

t ¢+ t ttt tt 1

L J

Number of events

time
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Random Arrivals:

probability of r arrivals in time t when
the average number of arrivals per
unit timeis \ .

P(r:t) = (A2) ot

y!

A little mathematical song and dance.

1. Is the total probability of 0, 1, 2, 3, ...
arrivals in any interval equal to one?v
2. Is the expected number of arrivals in

time fequalto \t 2 "

3. Are the number of arrivals in distinct

time intervals related, or in_@megde\ﬁt‘.{

4. What are the statistics for the waiting
time, until the next arrival?

5. How about the next n arrivals?

6. What 1s the pdf, mean, and
autocorrelation of the Poisson process
(accumulated arrivals)?
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4. What are the statistics for the
waiting time, until the next arrival?

4 % . - .'I
‘A , f ' — A -1' fes
] \L = i @

-

The waiting time problem has an
exponential pdf.

Mean = 1/ .
Standard deviation = /A .

5. How about the next n arrivals?
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6. What 1s the pdf, mean, and
autocorrelation of the Poisson process
(accumulated arrivals)?

w A" _
fXPoisson(t)(x) = Zn=0 n! € At6(x _ n)

#P::::-sn(z) = E{X'P::::s”(t)} = ' X f.‘t’,— (1) (Y) dx

e = Al"i_,_‘
n =~ (n-1!

z i A" ® 7 oy =l
—Sn (AD)" .. . o (A1) it

- /‘.z{i (";? ey = jt-(1)

e

Rpoisson(t, ) = 4 min) 1,1, )+ A" L1,

CPoisson(tl;- t2) - 4':. M{ I:, I; J
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Random Telegraph Signal: +a, -a

Mean=0.
Autocorrelation:
X(t))X(t,) = a* (even # in [t;, t,])
=a’ (odd # in [ty, t,])
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Ietelegraph (tl > r2) = E{X(rl )X(rl + T)}

.. Z (AT)" e _ g z (AT)"

no2K N etk N

—AT
e

H=0 n! n:O n!

2 =24
=qg‘e """

A
() +4

2
Ste.’egmph(f) =d

= (—AT)" = (—AT)"
022( ) e—/lz' =a2€—2,1:' ( ) e+/1r
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t ¢ t t ¢ttt t ¢t ¢

SHOT Noise
Xpoisson(t) = f_too Xsnot (T)dT
d
X, (H)y=—7X, . (t
shot( ) df Poisson ( )
d
Hspor = E{Xshor (f)} = E{— XPoz'sson (f)}
d

;E{X (f)}——(/lf) A

2. Is the expected number of arrivals
in time 7 equal to At 2
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+ t t ttt tt1

SHOT Noise X, ()= %X poisson (1)
dx(t) dX(t,)
, E
R..(t,1,) = E{ o " J

dX(t,) dX(t,) _ 0 0

X(t,)X(t,
dt, dt, o [85 6@

2

c_ 0
X(l‘ )X (1, )]}=a—[a—E{X(fl)X(fz)}]
6. What 1s the pdf, mean, and
autocorrelation of the Poisson process

(accumulated arrivals)?

o
-
~

., . " )
RPoisson(tla t2) — A ﬂllﬂ: [, o [ ’: T A
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t ¢ t tt¢t t ¢t ¢

SHOT NOise Xshor (2‘) - % XPofs.son (f)
axX() aX(t),

R.(1.1,) = E{ r r
ciX(zl)dX(tz)=a 0

1 2
X)X (t,
d, d, o [812 1)X()]

0 _0© 0 0
E{a—q[a—bX(fl)X(tz)]}—a—a[aE{X(tl)X(fz)}]

2 ]
A+ At if t, >t

Rpoisson(f1, 12) = N
Ay, + Att, if t, <t

aRPoisson(Ilﬂrz) _ /123‘1 zf t, 2t
o, A+ At ift, <t

= du(t, —t,)+ A’t,
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t ¢ t tt¢t t ¢t ¢

SHOT NOlse Xshar (2‘) - %XPOESSOH (f)

- A+ Att, if t, >t
RPoisson(ﬁ, h) = 1 "2 2 1>

A, + Att, if t, <t

aRPoisson(tl’IE) — lzfl {f 1'2 > tl
at, A+t if <t

= du(t, —t,)+ At

0 OR, . (t.1,)
R l,.1,)= Poisson\"132
shot( 1 2) arl ar’}

-

= /15(11 - t2) + ﬂ’z = Rshot(| tl _12 |)
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0 OR,, .. (1,.1,)
R t ’ t) = Poisson\"12"2
shot( 1 2) atl 81‘2

=A0(t,— 1)+ &

S (/)= [ Ry (2)e*7 dr = 225(f) + 4
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Current Noise

B t t ¢ttt tt ¢
a a9 q

q q a g g gq

I(t) = 4 Xenor(t)

E{l()} = gh=1Ipc
R.(,.1,)

= qulé'(z') +‘12/12 = q[DCCS‘(T) + [Z;C

Sf(f)zlf)cé(f)+qlpc
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Fourier Transform
F(f)=["_F(t)e/2"tqt
Fourier Integral Representation

F(t) =[O, F(f) &> af

all t in (—00, )

http://www.thefouriertransform.com/
pairs/fourier.php

If F(¢) 1s an impulse d(?), then

FOP) = [, F() et =1
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Lecture 17
March 22, 2017
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POISSON PROCESS RANDOM WALK

Individual events Individual events
Accumulated events Accumulated events

L ) 4

n
Iz

Prob. that X (n)=r is [ J p d-p)

Ibinomial(17) = E4X (1)} = np

Riomia (,1,) = ”1n2p2 +(p- pz ymin(n, ,n,)

HRandWalk = £1 YRanawalk(70)} = nE{x,} = n(2p —1)s

Ry swar (MT,M,T) =S ’ min(nl 1)

(if p ="12)
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POISSON PROCESS RANDOM WALK

Individual events Individual events
Accumulated events Accumulated events

L 4

n
Prob. that X (n) = r is ( J p'a-p)’
,

ps+(1-p)(-s)

Wbinomial(77) = E£4{X(1)} = np

Riomia (My,1,) = "”’1""2[3'2 +(p —P2 ymin(n, ,n,)

MRandWalk = £{ ARandwalk(777) = nE{x;} = n(2p —1)s

RRandWa]k (nlrs nzr) =5 min(rﬁ 1, )

(if p = 12)
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URandWalk = £1 ARandwalk(7T)} = nE{x,;} =n(2p —1)s

RRandWa]k (nz,mr)=s ’ min(n1 1)

(if p =12)
WIENER Process

step size s -> 0
time step T > 0
p=1/2

E {‘YWiener(r ) } =0,

2
S .
RWiener (tl > t2) = ? mm( ZLl > t2 )

Rwiener(1,1) = at
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WIENER Process
E '{A,Wiener(f )} — O«_

2
A .
RWiener (tl > t2 ) = 7 mln( tl > t2 )

BROWNIAN Motion is the
derivative of the Wiener Process.

E{dW (1)/ di} = 0
o 0
RdW/dt (rl > IZ) = a—rl 8—12 RWiener (tl ’ ZL2)

=qo(t,—t,)=ao (1)

White Noise
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Markov Processes is deferred to
Lecture 21, April 12, 2017

Lecture 18
March 27, 2017

445


snider
Pencil


Summary: Important Facts about Change of Variable

Jx (%)
df of y = g(x): fy(¥)=
pdfofy =g(x): f,(») pn;:geA 2'(x)]

of ¥

E{ aX+b} = aux+b , Gax+s =
So the statlstlcs of an deal voltage

source and a (zero-mean) noise
voltage are:

mean = ideal;

standard deviation = noise

(We will elaborate on this in
the next lecture.)

This part of the lecture, on noise in electrical circuits, was incomprehensible to many students. The next lecture will go over this again
in more detail, so don't panic yet!
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snider
Text Box
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power spectral density

nonrandom (DC)
random
AN\ sine
Cauchy-Lorentz s
white noise
-1 0.5 0 05 1 15 2 25
log frequency
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power spectral density

Hjsoke P Current ]

. .
/ noise

nonrandom (DC)

; d random
Random i
i Cauchy-Lor A sive
telegraph wave
~ Brownian
white noise
S, T
- 0.5 0 05 1 15 2 25 3
log frequency
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Chapter 5. Least Mean-Square Error Predictors

5.1 The Optimal Constant Predictor

5.2 The Optimal Constant-Multiple Predictor

5.3 Digression: Orthogonality

5.4 Multivariate LMSE Prediction: The Normal Equations

5.5 The Bias

5.6 Best Straight-Line Predictor

5.7 Prediction for a Random Process

5.8 Interpolation, Smoothing, Extrapolation, and Back-Prediction
5.9 The Wiener Filter
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The Optimal Constant Predictor

Try to predict Y with
some constant: Y = C

E{(Y-C)*} = [mean of (Y - C)]? + [standard deviation of (¥ - O)]?

()7—C)2+0'§_

c- Y

The root-mean-squared "RMS" error is its standard deviation Y

450



Optimal Constant-Multiple Predictors

~

Y=wX
MSE = E{(Y —Y)*} = E{(wX —Y)*}
:E{w2X2+Y""—2wXY}:w2F+F—2wﬁ
0 5 2 2 Vv
—FE{Y=-Y)'=2wX" " -2XY =0
™ {( )’} |

XY R,

W=— —
o X2 X2 ,
~ R
Y=wX=-2LX

XZ
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Propose a formula for the predictor;

formulate the prediction error by subtracting the quantity to be predicted;

square and take expected value to formulate the mean-squared error;

minimize the mean squared error (MSE) by setting its derivatives,

with respect to the parameters, equal to zero.
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Predict Y using two data

I;ZWIXI +w, X,

E{(Wle + szz o Y)z}
= Ew’ X! + w2 X2 + Y +2ww, X, X, = 2w XY — 2w, X,Y}

— WX+ W X2+ Y+ 2ww, X X, —2w X Y — 2w, X,¥

% E{w X, +w, X, -Y)*} = 2w, X> + 2w, X, X, —2XY =0

1

awiE{(lel +w,X, — Y)Y} =2w, X2 +2w X X, —2X,Y =0

2

. X2 -X,Y XX, XY X -XY XX,
1 i 2 >

12 X_zg_ 1Xz i ‘X_lz‘)(_zz_le‘Xz2

S
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~

Y=wX +wJX,

E{(wX, +w,X, - Y)"}
=Ew X! +w. X, +Y* +2ww, X, X, — 2w XY — 2w, X,Y}
WX+ WX+ Y+ 2ww, X X, — 2w, XY — 2w, XY
a J—
F™ E{wX, +w, X, —Y)'}E2w X +2w, X, X, —2X,Y =0

1

aviE{(lel +w, X, —Y)} =[2w, X2 + 2w, X, X, —2X,Y =0

2

XY X2-XY XX,

?12 E_Xlez

_Xy. ?j_— XY XX,
X: XXX,

e

w, > W,
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éle_f +/Qw2
ész_z? +ZW1 XX, — i

Xle B

XY =0

X,Y =0

~

Y=wX +w,X,+---+w X,

X2 XX, -
X, X, X:
_XnXl Xan ttr

.. ¥ =

ie
<t

S
~

N’ N
~
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~

Y=wX, +wX,+---+wX,

i )(_12 Xle Xan -WI_
XX, X2 - XX, ||
_XnXl XnXZ T X—: _wn_

NORMAL EQUATIONS
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V=wX +wX, ++w X

[ X, X, X, ]| .7 |~Y

Premultiply by ] and take expected values

>
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A

V=wX +wX,++tw X

W
W,
xox x|y
_wﬂ_
_X] _ .
X, Xl
. 2
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UNBIASED Predictor
E{Y}=E{I'}
If X, and X, are zero-mean,

Efy = wEX,) +w,E{X,} =0

"random variable" X5 is the fixed number "1".

Normal equations

X, XX, XX, [y, [X7
XX, X7 XX |w|=| XY
XX, X E | Ws ] _ﬁ_
X, XX, X, W, | _X_IY_
XX, f22 X, | w,|=| XY
X, X, 1 |wm]| |7Y
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UNBIASED Predictor
E{f} = E{T)
Normal equations

Xl2 XX, X, W,
XX, XJ X, |w|=

X, X, 1 (W]

<

Y = w X, +w, X, +C
C=E{Y}-wE{X,}-w,E{X,)

Should one always use bias-corrected predictors?

(See page 157)
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Best Straight-Line Predictor

y=mx+b

Y=wX+C
=w X, +w, X,
w=w, X=X, w,=C, and X, =1

Solution of normal equations

XY -X7Y X’Y-XX¥ - —
T i ) SR kAR Y
X’ -X oy X’-X
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" . n
scatter diagram”  {xy,y1; x2,02; X3,3;...; XV}

Old Faithful Eruptions
g 1 e
- P . B
o \;)"Q‘ﬂ
2 4 g
SUE
— II, '

‘Wasting Tirre Between Eruptions (M)

15 20 25 30 35 40 45 §o0

Enupbon Duraton (Min)
y=mx+b S,
X ~ =

k k k
kzxiyi _szzy: - Zk:rf
m= =l i id e
k , k , kk
kzxf _(in) > xy
i=1 i1 = 5
k 5 k k k
(sz‘ )(Zyi)_(zxi)(zxfyi)
p— il z‘=}c r:l i=1
kzx;? _(Zx:)2
i=1 i=l
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|RIE \Y
-X,] . |
[Xl Xz' wn_ _Xl
/ :
X .
Xn_
: . XY
: | : Y
XZ
X, - XX, nl :
___2 XX, S | i
1 _2 |
X, .
X, X - Hj
XnX2 _w] :O
X X _ I
i ) E
(X, X, -wn_
.
k — (error)
X2
Xﬁ‘
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-

v-U = |v|cosB |ul,

\"/
_ 0
XY =0, poy, \/u

(1f X &Y are zero mean)

57 = |2 u- = |u)?
T 2 P— 2
XX =0y, YY =0,

X and Y are "orthogonal" if E{XY} =0

(even if X &Y are not zero mean)
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___________________
__________________________

2 error

(X, X, X,] -Y

"the error is orthogonal to each
)(i n
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Prediction for a Random Process

Recall

A

V=wX +w X, ++w X

Wi

(X X, x| =Y

v o

1 | W, X,

X2

. XZ

_Xﬂ_ _Xn_
X, XX, - XX, [w] [XY
X, X, X, XX, [|w| | XY
XX, XX, X2 | [XY]

466



Y=[X(n) X(n-1) .. XQ)]

[, |

W,

w, J

?is the predictor for X(n+1).
Multiply both sides by X{(n),
X(n-1), ..., X(1) and take
expectation.

Ry (n,n)
R, (n—1,n)

R, (1,n)

Ry(n,n—=1) ... Ry(n]) w,
R,(n—1Ln-1) ..R,(n—L11) || w,

R,(Ln-1) ... R,(Ll) w,

Stationary?

R, (0)
R, (1)
R:(2)
R, (3)
[R:(4)

R, (1)
R, (0)
R,y (D)
R, (2)
R;(3)

R,(2) R;(3) Ry ||

Ry (0) Ry(D) Rx(2)
R, (1) R,(0) R,(1)
Ry(2) Ry(1) Ry(0) |

Ry(n,n+1)
Ry(n—1Ln+1)
R,(Ln+1)
W, 1 [R +@) i
w, R,(2)
W R;(3)
Wy R,(4)
Ws | Ry (5)_
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Interpolation, Smoothing,

Extrapolation, and Back-Prediction

? =X(m) =wX(n-1)+w,X(n+1)

g
w
[Xl X, Xﬁ] :2 ~ Y
X vl oy

1
X, ¥
. 2
X, V

Ry(n-1n-1) Ry(n-Ln+1) | w, B Ry(n-1.,n)
Ry(n+1Ln-1) R,(n+Ln+1) | w, - R,(n+1n)

Ry(0) Ry@)[w, | [Ry
{Rxm Rxm)]{u-zHRxa)}
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Interpolation, Smoothing,

Extrapolation, and Back-Prediction

Xm) ~w X(n-1)+w,X(n)+w,X(n+1)

w
w
(X X, X, 2|~ Y
il K
1
u &
2
| X, | V

R,(n.n-1) R (n.n) R, (n.n+1) W, R (n.n)

R,(n-1Ln-1) R,(n—-Ln) R,(m—-Ln+l)|w R, (n—1n)
Ry(n+1Ln-1) R,(n+ln) Ry(n+1ln+1) Ry(n+1.n)

11'3
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Interpolation, Smoothing,

Extrapolation, and Back-Prediction

<>

X(mtm) =~ wiX(n) + woX(n-1) + wiX(n-2)

L4
w
(X, x,-x,] .|~ Y
- W] -
1
X, &
. 2
X, | X

R,(0) RO Ry [[w]| [Ry(m)
R, (1) R,(0) R, ||w, |=|Ry(m+1)

R, R R0

W,
3
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Interpolation, Smoothing,

Extrapolation, and Back-Prediction

X(n) = wiX(n+1) + woX(n+2)

Y

2
w
(X, X, X,]| 2|~ Ve
[ X, | Wl oy
1
X, &
. 2
X, X

|:RX(0) RX(I):|{W1 :|_|:RX(1):|
Ry()  Ry©)|[w, | |Re(2)
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Lecture 18

March 29, 2017
A little more discussion about
circuit noise analysis.

(Not in the book)
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Bipolar junction transistor model

T

Rb'e
gm * Vbe

||
M
&

Add resistor and junction noise

Sources
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Superposition

N N N

> > == >

* : /

| AW
@)
c

{ | X

N N N N N m

N N N N N

ZZZZZ

N N N N N

N N N N N

sources
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> > = >

N N NN N
N N NN

N N NN
N N NN
N N NN
N N N N g

> P — P
_

> O o O o

o ooo

N N NN

N N NN
N N NN

N N NN
N N NN
N N N N

Z /1 Z 1L Z Z

N N NN

N N NN
N N NN

N N NN
N N NN
N N N N

Z /7 7Z Z 7 Z
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General principle for multiple sources:
zero out all but one source, find the
voltages and currents;

pick another source, zero out the others,
find the voltages and currents;

add the voltages and currents.

-
Il
LU

~

i

| I
=
(<)

g
rll.l.lllllll
—A—

:.. CEETRY =t TET
i
x|

c

In the frequency domain (AC analysis),
the voltage (current) at any one location
due to a source at another location
equals the transfer function (between the
two locations) time the source voltage
(current).

Vout(f)ejzn-fIt - Z H,{Zu(ﬂrk(f) [V(f) or I(f)]source "K' el2mft

sources k

= Zk ngt(f) Vk(f) ej21rft

Some students had trouble

following the transfer function

formulation. It is reviewed in
more detail in lecture 20.
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snider
Text Box
Some students had trouble following the transfer function formulation. It is reviewed in more detail in lecture 20.


Vout(f)ejznﬂ

= rom"k" ideal .

= Yideal sources k Ht}; "out" (f)V(f);ofﬁ,ce " el2mft
+ Znoise sources k Ht);r?;r:w" (f)V(f)?gfji_e ” elrft

and

Cco

Vout(t) = J. Vout(f)ejznft df

- Q0

= Zideal il o Znoise

We don't know the noise voltage - it's
random.

We know two things about the noise:
its mean (zero);
its power spectral density.

477



Vout (f)ejznft

rom"k" ideal i2
= Zideal sources k HL{O "out" (f)V(f);ofg'ce k ej mft

K" - .
+ Znoise sources k Hg:,r?;];t'- (f)V(f)?glﬁ,ece X el2njt

co

Vour (t) = f Vout(f)ejznﬂ df

—co
= Zideal Sl Znoise

Take the expected value. Noise
drops out. Perform regular circuit
analysis to get the expected output.)

(Use superposition of currents and
voltages.)

Vout U-‘)ejZR'ft

rom "k" ideal i2
= Zidea! sources k Htj; "out" (f)V(f);-of:rI-ce k e’ Tt

n"k" Tloise 2 ft
+ Znoise sources k cek ej !
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Now look at power.

Vozut(t) = { f Vout(f)ejznft df}z

- fm fm {Z HV + Z HV}{Z HY + Z HVY -

fi=—o fy=—w ideal noise ideal noise

Take the expected value. Noise

voltages are uncorrelated with each
other and with ideal voltages.

Qo Qo

BVE@ = [ [ O]y

fi=—o0 f=—c0 ideal ideal

+ Z E{HV, }{HV,} -

noise sources

- E{Vout(t)HZ

+ ZTIO.‘:SQ sources [Output TLOLSE power]

479



E{Vyue (£)}
— \ E{Vout(tﬂz

+ Z?IOiSE sources [Output nozse power]

To compute output power with noise,
you don't use superposition of voltages
and currents; you use superposition of
power.

Compute the 1deal power.
Add the output power of each noise
source.

And of course remember, for each
noise source,

Sout(f) = |H(f)|25in (f)
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The Wiener Filter

X1, Xo,and Y
Zl :.X,1+el » 22:X2+ez

BUT
and we seek
Y=wZ +wZ,
w
[X. X, "'X"] :2 2 4
LT Tx
X,
- Xz
] :
/2l | X, |
2 : ZY
Z,Z, Zzz " o
481



ZI:X1+el, ZQ:X2+82

AR A2 |:W1:|= ZY
7z 7 | |z
Z} =E{(X,+e)} = X[ +2¢X, +e

v2.n v .2 2 2
X[ +2¢ X, +e; =0y +0+0,,

Z

2 2
=O'X2-|'(')'e2

[
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12 Z\Z, {“’1}= ?
ZZ, Z; |I™ Y

ZY = E{(X,+¢)(Y)}
XY+eY=XY+0

ZY=XJY
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2
Z5  ZZ,|w
— 2
ZZ, Z; ™
2 2 Y. X
O'Xl-l-O'el 1 2 1,11
XX Aol A
144 Oy, T0, [L™2
or XX, .. XX, | [0
XX, oy X, X, N 0 o,
XX, XX, .. op | |0 O .. o

Wiener filter
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infinite-length Wiener interpolator

= Ry(0) + R.(0)
<o Re(1) +Re(1)
< Ry(2) + R.(2)
« Rx(3) +R.(3)
v Ry(4) +R.(4)

Ry(=1) + Ro(—1) Rx(—
Ry(0) + R.(0)  Ry(—
Ry(1) + R.(1) Ry(
Ry(2) + R.(2) Ry(
Rx(3) + R.(3) Ry(

W( 2)
w(=1)
w(0)

w(l)
W(Z]

2) + Re(=2) Ry(=3)+R.(-3)
D+R(-1) Rye(=2)+R.(-2)
0) +R.(0)  Ry(-1)+R.(-1)
1) + R.(1) Ry (0) + R (0)
2) + R.(2) Ry (1) +R.(1)

Rx( 2)
Rx(~1)
Rx(u)
Rx(l)
Rx(z)

On the diagonal R X (0) + R P (0)
Off the diagonal - R\(1) + R, (1)
Ry(n) = Y5 —w[Rx(n —p) + [R.(n — p)]w(p)

[Sx(F) + S (NIW(f) = Sx(f)

W(f) =

Sx(f)
Sx(f)+Se(f)

Ry(—4) + Ro(~4) -~
Ry(=3) + Re(~3) -~
Ry(=2) + Re(~2) -~
Re(—1) +Ro(~1) -

Ry(0) + R (0)
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infinite-length Wiener interpolator

_ Sx(f)
W(f) - Sx(f)+Se(f)

The optimal infinite-length linear interpolator

can be found by taking the inverse Fourier
transform of the ratio of the signal PSD

fo the sum of the signal and noise PSDs.

Wiener deconvolution
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(REVIEW)

The coefficients in the LMSE predictor for ¥ of the form
Y = wiX; + woXp 4+ o + wp X,

satisfy the normal equations

F|2 XX, XX, [ ] -ﬁ-
X4, )722 XX, (W2 |_ ﬁ
XA XX X; __wn_ | XY ]

When X3, X, ..., X; are corrupted by iid uncorrelated measurement

the coefficients satisfy the Wiener equations

T 3 T 1 2 T r—="

O';:l XIX’ XlXp 6;1 0 w XIY

| X, X, o3 X,Xx,| [0 o .0 w, | | XY
+ —

[ XX XX, ooy | [0 0 o |JI"] [X,Y]
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Chapter 6 The Kalman Filter

6.1 The Basic Kalman Filter

6.2 Kalman Filter with Transition: Model and Examples
6.3 The Scalar Kalman Filter with Noiseless Transition
6.4 The Scalar Kalman Filter with Noisy Transition

6.5 Iteration of the Scalar Kalman Filter

6.6 Matrix Formulation for the Kalman Filter
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Xold - )(true — €olds
Xnew - )(true — enew

E{eold enew} :E{eold} E{enew} - 00 - O

0,,; and 0,,.,, could be different

XKalman — KXnew + L Xold

)(true = E{XKalman} = E{ KXnew + L Xold }
(unbiased)

= KE{Xyew) + LE{Xoia) = K Xipue + L Xipue
XKalman — KXnew + (I_K) XOld

XKalman = Xold + K {Xnew - Xold}
(update)
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Form the MSE
XKalman — Xold + K {Xnew - )(ola’}>

)(true = K)(true + (1'K) )(true

XKalman - )(true
=K [Xnew - )(true] + (I_K) [XOZd_)(t””e]
- Kenew + (I_K) €old

E{[XKalman - AX;rue]Z} = E{[Kenew + (I'K) eold]2 =
K? E{ene’} + 2K(1-K) E{e,er €0} + (1-K)* E{eyi™}
= KZ Onewz + (O) + (1'I<)2 0.0le
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E{[XKalman - true]z} —
K2 O_new2 + (I_K)Z O-Oldz

d , ,
@ E{[XKalman = )(rrue]z} =

2K O-nen'z - 2(].-K) Goldz = O

2
(o3
_ Id
KKahn(m — 2 - 2 .
(o) +O old

new

XKalman — KXnew + (I'K) Xold
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E{[XKalman - )(true]z} =
K2 O-new2 + (1'[Q2 O-oldz

2
O o1a

0

KKahuan 3
O -1 O'

new

2

= E{[ Kalman _Xtrue]b}

Kalman
o’ o’
— id Id 2.2
- { 2 2 } O- + {]' - 2 2 2 } O-a]d
O-ne'n' + O-afd O-new + O-ofd
4 4
o 3 03 5
— old p- new 2
O.neu' + 2 O-ofd

2 2 52 2 2 52
(O-new + O-ofd ) (O-ne’w + O-oid )

P
-

O 14

(]

2 2 new :
O-ne’w + O-ofd

9

=K o

Kalman ™~ new
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Quick Lemma
The minimum of
K?Q + (1-K)*R
occurs when
K=R/(R+Q)
The minimum value is

KQ .
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The basic Kalman filter equations are

Xxaiman= Xoia + K {)(new - Xold}

2
O id

0

Kxaiman= 2 2
O.nmv + O-old

2

2 —
O-Kalman - K K o

alman new
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Lecture 19

April 3, 2017
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Kalman Filter with Transition: Model and Examples

Instead of
Xold - )(true — €olds
Xnew - thrue — enew

we interpret the X's as related:

true _— true
Xnew - AXold + B

Assume the transition is noisy:
lrue _—_ true
Xnew - AXold + B + Ctrans

N/

Assume these are matrices
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Perhaps not all of the variables
are measured:

S=DX"“+e__ =

- - _ e
dy dy - dlp X, €

d11 d'n ana dwp X'\ e:ﬁ&:
2 2 2 2 + 2

X meas

dy dyy dy | X, [
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EXAMPLES

1. (Last time) Perform two
measurements

Xime = [ XGe
~7

true _ true
Xnew - AXold + B+ €trans

S = [I]Xrgglvtve + €nmeas:

I

S= DXE: T O
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(EXAMPLES)

2. constant velocity tracking

true — vtrue
Xnew — Xold + [UAt] T+ etrans

true _—_ true
Xnew - AXold + B+ €trans

§ = [1]X7€2%e *+ €meas
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(EXAMPLES)

3. constant acceleration tracking
true
ytrue — (position)
new = (velocity)
new

~ Xlr”“" L |XEuiaat +2a (At)?
old

a At
€1
+ o]
21trans

[é At] lxlr”‘e [—a(At)] [el]

a At

true _—_ true
Xnew - AXold + B + Ctrans

X

trans

et? ans
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(EXAMPLES)

(3) constant acceleration tracking
true — 1 true (position)
Xnew = = | (velocity)
2 new
and 1f you only measure position
true
5=09 [gl], +eneas
new

S=DX™ +¢
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(EXAMPLES)

4. If the transition 1s described by a
first-order differential equation
aX

ar

1ts solution can be written

£ .\ r .\
=a(t)X = g(1)
/ e B Sl

t T
X() = eho UL eTh O g () + X (t0)]

_\_,_/
A

t
true _ )¢ (@At o rue
Xnew e Xold +

t T
ejfo a(t)dr [fti; e_ffo a(6)do g(’f)d’[]

L.

B
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(EXAMPLES)

(4. If the transition is described by a
first-order differential equation)

ytrue _ ft a(t)dr Xtrue

new _. ,“old

A

to

—

B

g(t) = Ydet (t) + Inoise (t)

true _ f: a(t)dr  true
Xnew = e ,Xold +

A

| f a(r)d‘r[f - a(B)dG det(T)dT

N

B

te f a(r)dt[ft _ft a(6)de

-

Inoise (r)dr

€trans

t T
effo a(t)dr U-t o fto a(6)do g(r)dr]

503



(EXAMPLES)

(4. If the transition is described by a
first-order differential equation)

s

Vo

‘ —

dv _ V+V,

dt R
dVv T
or =

dt  RC RC

V(t) = e %V (0) + Vole~/"¢ — 1]

R

Vo may be noisy, spawning €;,,,,
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(EXAMPLES)

5. If the transition 1s described by a
second-order differential equation

d*X
dr’

= a(t)% +b(t)X + g(1)

general solution

X(t) = Cthom(l)(t) + CZXhorn(z)(t) + Xpart(t)

assign initial conditions, rewrite

X(t)= X, (0)X(0)+ X,(0)X'(0)+ X,(r)

differentiate
X'(1)=X,(0X(0)+ X,(0)X'(0)+ X,'¢)
You've got it!

F’(z)} X0 X0 ){(O)}+ X0 ]
X0 X0 X,0lX0)] |X0]

Strus rus
X new ~ < <igld T B~ Coran:
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(EXAMPLES)

6. If the transition 1s described by a
linear system of differential equations

= [X] = AlX] + [g(0)]
the solution 1s

X() = [ [e™] [X(to)]
A

+ |eAt] f;[e‘m] g(r)dr
. )
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(EXAMPLES)
7. ARMA

X(n)=a(l) X(n-1) + a(2) X(n-2)
+ a(3) X(n-3) + b(0) V(n)

you're already there:

X(n)
X(n—1)| =
X(n—2)
X
a(l) a(2) a(3) X(n—l)]
[ 1 0 0 [|X(n—2)
L0 1 0 aX(n_3),
A XGide
b(0)V(n)
- 0
"

507



8. Spacecraft

. x coordinate

y coordinate

z coordinate

x velocity

y velocity

z velocity

X =| angle from x axis
angle from y axis
angle from z axis
x-angular velocity
y-angular velocity
z-angular velocity

FOUE 4 VDU
X< 4X"“ . B+e

§=DX™+e
T e T Tmeas
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The Scalar Kalman Filter
with Noiseless Transition

true __
Xota - Xotd — €5ld »
true __
Xnew - Xnew — €new

Xnew = AXold +B
XKalman - KXnew + L [A Xold + B]
(apply the update

to the old measured
value)
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Xnew = AXold +B

XKalman = KXnew + L [A Xold + B]

No bias:

E {XKalman} =

E{ K X,ero + L [AXyq + B]}

= K X" + L [AX 0™ + B]
= (K+L)X e "

so L = 1-K as before

XKalman = KXnew + (I'K)[A Xold + B]
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XKalman = KXnew + (I'K)[A Xold + B]

to express the error,
from this subtract

Xnewtrue — K Xnewtrue + (1_ K) Xnewtrue
— KXnewtrue + (1_K)[AXOZdtrue + B]

XKalman - Xnewtme —
K [Xnew - Xnewtme] + (I'K)A(XOM - XOldtme)
= K €new + (I'K)AeOId

~—
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XKalman - Xnewtme —
K [Xyew - Xoew ™1 + (1-K)A(Xoia - Xoid™)
= K Cnew + (I'K)AeOZd

MSE = K? ene'w2 + (l‘K)zAzeoidz
- K2 O-new2 + (I'K)z A20-01d2

The minimum of
K°Q + (1-K)’R
occurs when
K= R/(R+Q)
The minimum value is KQ .

Kiaman = ——22
Kalman — 3 2 2
o_::n + ".1 G-;:
- "i - 0:; a- g |
O-;Cm’wav = b - 2 2 new
O'::eu +4 Gsid
= KKm‘»:a’: o-’:éu
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The Scalar Kalman Filter
with Noisy Transition

X =4X, +B+e,,,

4 new
é =|= C
cdV _ V4T
dt R
vV T
or =— -
dt RC RC

_ ,—t/RC ~t/RC _
V(t)=e V(0) + Vyle | 1]

A B
Vo=V +e

A=e-: RC B=F0[e-rR£‘_1] em =e:[e-£m_1]
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neas true
Xota +— €yyqg — X4

Ideal AX+B AX+B

Transition Ctrans

"
[ |
1
Measurement ;\
[} eﬂ'(?lvl"
| ; |
error | 3 I
B L 2 4
THeas true frue meas
AXOM + Xnew Xnew Xnew

Xkaiman = K Xypew™"** + L [A Xoid"*" + B]
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meas

and — €y —» X4

true

Ideal AX+B AX+B
Transition €an,
|
Measurement
enew
| |
error l i
meas true true meas
AX old t X Hew X new X new

Xkaiman = K Xnew™*™ + L [A Xoid"*® + B]
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meas
X

old +— €ld — X,i4

true

Ideal X+B AX+B
Transition Cra

Measurement

enew
[
error i\
Heas true true meas
Axold + X new X new X new

Xkaiman = K Xnew™ ™ + L [A Xoid"*® + B]
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Get the bias right

rue . .
X, .. 1is now a random variable

E{ Xxaiman} = Xnew™  makes no sense

E{XKahnm?} = E{‘Xnmﬁ‘“e}
_E(AX"™ +B+e,, )

old trans

=AX"*+B

old

BIAS: The usual song and dance
Xkaiman = K Xoew™® + L [A Xoid"*" + B]

\ \

E{Xpew™ v KE{Xyew™ )} LE { Xy T !

L=1K

XKahnan =K )(newmeas + (1 ‘K) [A Xold’ nea + B]
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Xkatman = K Xpew™*® + (I‘K) [A Xoid"** + B ]

Get the formula for the error,

square, take expected value,
minimize: "MSE"

)(;rewn'”e — K /Ynewmm + ( 1- K) -Xnmt'mw
= K)(newn‘ue + (I‘K) [AXo!dI e + B+ eﬂ'ans]
_ A —
exal = Xkaiman - Xnew' '© =

K [‘Xnewmeas _ AXnmvﬁ’He] +
(l'K) [A (Xola} neas _ Xoia’r rue) - ermns]

=K Enew T (]-K) Aeojd - (l-K) Etrans
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exal = K eneny + (I'K) Aeoid - (I‘K) Ctrans

MSE =
K2 E{enmi‘z} + (I'K)2 AzE{eOkfz} + (I'K)zE{em’”Sz}

= K? O'm—;”.-r2 + (I_K)Z [AZGOMZ + Grransz]

The minimum of
K?Q + (1-K)*R
occurs when
K =R/(R+Q)
The minimum value is KQ .

A’c’ ot ol
KKalman
am + A* cro,d - a
9 7
O-Kalman = K Kalman O-new

519



Exampl
PP dyrde = -y + g(0)

g(?) = zero mean white noise with power aj

VYmeas(0) and Vmeas(1)

Zero mean noise oy and oy

y(t) = e y(0) + e~ [ e” g(r) d
= A}’(O) + B + etrans-
A= e—t, B=0, epans = et fotet g(T) dt
-t (t 1
E{eirans} = € fO e"E{g(r)}dr=0

Olans = E{le™ [} €” g(x) dr]?}
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Obans = E{le™ [y " g(v) dr]?]
= E{e™ [ye' g(t)) dty [y ez g(t,) diy)
= e 2 [ [y e *2E{g(t)g(ty)}dt, dt,
= e 2 [ [T TR (t,,t,) dt, dt

(page 138) Ry(ty,t;) = 0£6(t; — ty)
Ofrans = € 2tag fot fot elitla§(t, — t,)dt, dt,

- t oj _
=e g [, elrthrdt, = 79[1 — e %]
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y(t) = Ay(0) + B + eprans
2

a -—
O-tzrans = 79 [1 — € 2t]

y meas(0) and Vmeas(). 0y and 0,

Xkaiman = K Xynew " + (I‘K) [A Xoid"** + B ]

Aho-c::’d + O-r;an.s
o,.,tAdo0,,+0,

Kkalman =

2 )
O-Kalman = K o)

Kalman ~ new
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y(t) — Ay(O) + B + errans

2 % -2t
Otrans = =, [1 —€ ]

\,
N

ymeas(o) and Vmeas(t). 0¢ and 01

Y : ’

—_— -t A 3 /’
— : /
=e - : ,
] N : 4
. AN H
N
"". \\ _-'
. :
______________________________ e e ————————
~ it b

\. i
..." SN /
Xkatman = K ‘X;j'g)ér"?eas + (1- K\)\[ A X" + B]
.~,..‘ // s\\

. s .
~,’.* 2 /l 2 ‘2
4
A" O-o:‘d + o-rrans

K4

O T A-O-;Id + O-t;ans

new

Kxalman =

5

O

Kalman ~ new

5
O-Kalman = K
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y(t) = Ay(O) + B + €prans
2

O- -—
Jt:zravts - ?g [1 — € Zt]

Vimeas(0) and Ymeas(f). 0y and oy

Xkaiman = K Xpew™ ™" + (l‘K) [A Xoid"** + B ]

A-O-c:fd + O-l;an.s
O-;elr + A.O-;.-‘d + O-r;ans

KXalman =

~

O

Kalman ~ new

2
O-Kalman = K

What if we don't have the
measurement at 7?
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Xkatman = K Xpew™ ™ + (I‘K) [A Xoid"** + B ]

A-O-c::’d + o-t;ans

KKalman -

2

O

Kaliman ~ new

2
O-Kalman = K

What if we don't have the
measurement at 7

Onew = @

Ac? +o°
_ ld

KKalman— 2 02 2 frans 2 — 0
C,,,tA0C,,+0

new rans

5] 5] 5
-

i'c..+0 ,

= o.d rans 5

néEw

-
O Kaiman =
man . | bl al b ]
Oy TAC,;+0, 4
- o e

REW

.. b 4
> A O-s.'s' T O-:r:v:

O-;z-ar + A-O-;!d + O-r;ans
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A tutorial lecture was inserted prior to
this one, called

Lecture on 4/5/2017 (Wed).

THIS lecture was called

Lecture on 4/5/2017 (Wed) (Second
Copy)

21

Lecture 3/Q April §, 2017

Iteration of the Scalar Kalman Filter
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X gy >y

A old
P -
Ideal X+B X+B
Transition
| -
Transition :
Error I
i
1 .
; ! -
Measurement :
Emror ! h
H |
v L 4 L 4 -
AXEE +B X . —
Update /V-—‘
YR " o
X

Ideal X+B X+B
Transition

v

1
Transition I
: 1
Error I
;

1 .

: ' i
Measurement : :
Ermor : H
H I

v v L 2 G

AYEE+B Ke e I
Figure 6.3 Consecutive Kalman Filtering

Xkatman = K Xpew™™ + L [A Xoid"*® + B]
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il " el
X
Ideal
Transition
| -
Transition I
1
Error 1
|
L o
: ' -
Measurement :
Error H |
H i
¥ L 4 L 4 .
w;’_'&}r Y::
] e > 4 iy
X
Ideal X+B X+B
Transition

Transition
Error

v

Measurement
Error

v

AYZS" +B X Xhw: ¥

new now new

Figure 6.3 Consecutive Kalman Filtering

XKaIman -

K anlnreas + I [ 4 Xa] dmeas + B]
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Kol 4—— _Kal —_— e .
X €oid X . fng
»
X
Ideal +B +B +B
Transition
T T »
| |
Transition : @trans :
Error | |
I |
I |
1 L +
| |
I |
Measurement | |
Error | |
I |
v v iy
Kal True meas
AXoFrf +B er;!r Xr:;u‘ X::.e = AX:I':;‘ =+ B

Figure 6.4 Consecutive Kalman Filtering

529



Xkaiman = K Xoe"*® + (I'K) [A XoldK al 4 B ]
BIAS

E{Xkaman} = E{K Xpene® +
L [4 Xod + B]}
= E{K(Xyer' ™" +enen)} +
E{L[AXo1d™+eo1dy+B]}
= KE{Xpery ™€ } + K0 +
LE {[A(Xo1d"™"€)+B+enans-emans +Aeoid"]}
= KE {Xpen/™ }
+ LE{ Xyew™¢ } -L0 +LA4-0
= (K+L) E{Xpen'™e }
L=1-K

Xkaiman = K Xpew*® + (l‘K) [A XoidK al B] |
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true

€Kal — XKalman - Xnew

=K €new + (I'K) AeoldKal - (I'K) €rrans

The minimum of
K°Q + (1-K)*R
occurs when
K = R/(R+Q)
The minimum value is KQ .

42 Kal® 2
Ao, +0,

ans

KKalmanz 2 2 __Kal? >
O-nmr + A o-o!d + O-:rans
Kal? K 2
O-new — 4™ Kalman O-new
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Matrix Formulation for the Kalman Filter

~ x coordinate

y coordinate

z coordinate

x velocity

y velocity

z velocity

X =| angle from x axis
angle from y axis
angle from z axis
x-angular velocity
y-angular velocity
z-angular velocity

FOUE 4 VOUE
(7= AX"“+B+e,

“*nev

§=DX"%+e,_

=W (i
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ug _ ue
X, =4X,;+B+e, .

pby1 pbyp pby1 pby1 pby1

_ VUL
§=DX" +e

rby1 rbyp pby1 rby1

XKalman - KS + L [A Xolde%-f + B]

.

(measﬁred or
Kalman)

est __ true
Xowa = Xow '~ F €

p by 1 pby1 pby1
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E{le, ;lle,., 1"}

- old old old old
€ € €

old old old old
2 ~ g .

- Rl

-

old old _oid _oid
e a ¢, e

old oid
€ €

-
-

old
O,

e’ ‘def’ @

2.0ld
g’

-

old _oid
ep ez

old _oid
_ep el

Qafd

e O

old old ™

€,
oideofd
7

-

old oid
ep ep

old oid )
el ep
old _oid

e, €
2 7p

2.0id

7

MSE(e,q) = trace(Q,)



XKalman = K S + L [A XoldeSt + B ]
BIAS

E{ K (DXyew™ + €meas)} T
E{ LA (Xoid™ + eqia) + B]}
_ KD E{Xnewtrue } _|_KO
+ L E { [A (XOIdtrue)

+ B + epans - Cpans T A eold]}
= KD E{X,,,, "}

+ L E{ X\, }- L0+ LA-0
= (KD+L) E{X,,.,, "}
KD+ L =1

XKalman = [AXOIdKal + B ]
+ KIS - D(A X" +B)]
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XKalman = [AXoldKal + B ]
» + K [S - D(A XoldKal +B )]

“(pby 1)

¥ _ true __
€Kal — XKalman - Xnew —
Aeold - Crrans + K[emeas - D (Aeold = etmns)]

1l el 7

£

K
L.

E{[e&][em-]r} =

g pRupka Rk
1 1 € 1 €
ef"" ef“"" O‘{"“ﬂ“ . ef"“ e::‘"“
ef“"ef“" gk g
_F g - F B
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_ true __
€Kal — XKalman - Xnew -
Aeold - Crrans + K[emeas - D (Aeold - etrans)]

O =E{%9;3}

E{(4e,, -e”)(e 4 -e..)]
=40 4" =0, ~(0)

Q al = ‘.lood“ir +Orra**..
-(40,,4"+0,, ) D'K”
~KD(A40,,4" +0,,.)

+K[Q,., +D(A40,,4"+0,,)DTIK")

meas ~rau
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Osar = AQ A" + Qi
~(4Q,4 4" + Q) D'K”
~KD(AQ, i 4" + Qp)
+ K[, + D(AQ,54” + Q) D' 1K)

Or{KE} _ .
0K

er{FK'} -
K
étr{KGK™}
K
240,47+ 0y )D" =
2K[Q,,, + D(4Q,.4" +0,,.)D']

otr{KE}
ok L
ij

=K(G+G")
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K=(40,.4"+0,,)D°

[0,..+D(40, A" +0,, )D'T"

trans
O = (‘4Q::-.'::"4T + QoI _DTKT)

=(I- KD)(AQ,@AT + Qo)

IfS = Xnewrme + €meas

QK’aI - KQmeas
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Lecture /2/K

April 12, 2017

Markov Processes
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1

O.SL)

0.3 0.5
7~ TN
2
a_ 0.1
0.2 0.4
0.2

0.2

7 TN
3

1 0.3
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Prob{X(8) = 1}
= Prob{X(8)=1& X(7)=1}
+ Prob{X(8) = 1 & X(7) = 2}
+ Prob{X(8) = 1 & X(7) = 3}

+ Prob{X(8) = 1 & X(7) = 4}

= Prob{X(8) = 1 |X(7) = 1}Prob{X(7) = I
+ Prob{X(8) = 1 |X(7) = 2! Prob{X(7) = 2}

+ Prob{X(8) = 1 |X(7) = 3}Prob{X(7) = 3}
+ Prob{X(8) = 1 |X(7) = 4}Prob{X(7) = 4}

0.5 03 0.5
C. g ~~ €5
1 2

0.2 0.4

0.2

0.2

\
/
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Markov Processes

fre X)X ()i &) (X X Xge )

= f.‘k'(r}.k'[r.‘ (x]x;)

0.5 0.3 0.5
C > 2 = q
1 2

- 0.1
0.3
0.2 04
0.2
0.2
o N
4 L)

o.5c_) “ 0.3 S \)0_5

Transition probabilities
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Prob{X(8) =1}
= Prob{X(8)=1& X(7)=1}
+ Prob{X(8) =1 & X(7) = 2}
+ Prob{X(8) =1 & X(7) =3}
+ Prob{X(8) =1 & X(7) = 4}

= Prob{X(8) = 1 [X(7) = 1}Prob{X(7) = 1}
+ Prob{X(8) = 1 [X(7) = 2! Prob{X(7) = 2}
+ Prob{X(8) = 1 |X(7) = 3}Prob{X(7) = 3}
+ Prob{X(8) = 1 |X(7) = 4}Prob{X(7) = 4}

Prob{X(8) =1}
Prob{X(8)=2}|
Prob{X(8)=3}| PG
Prob{X(8) =4}
Py Py Py | @{X(ﬂ—l—
_|Pn Pn - Py o P(7) Prob{X(7)=2

Prob{X(7)=3
Prob{X(7)=4} |
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Prob{X(8) =1}
= Prob{X8)=1& X(7)=1}
+ Prob{X(8) =1 & X(7) =2}
+ Prob{X(8) =1 & X(7) = 3}
+ Prob{X(8) =1 & X(7) =4}

= Prob{X(8) = 1 |X(7) = 1}Prob{X(7) = 1}
+ Prob{X(8) = 1 [X(7) = 2} Prob{X(7) = 2}
+ Prob{X(8) =1 |X(7) = 3}Prob{X(7) = 3}
+ Prob{X(8) =1 |X(7) = 4}Prob{X(7) = 4}

Prob{X(8) =1}
Prob{X(8)=2}|
Prob{X(8) =3}| PO

Prob{X(8) =4}

Py Py Py ﬂro\b{X(ﬂ—l—
_ | P Pn - Py «P(7) Prob{X(7)=2
- 7 |Prob{X(7)=3

Dy Dy D, | Prob{X(7)=4} |
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a 0.1
0.2 0.4
0.2

0.2

P TN
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1 0.3

> \)o.s

P, = Prob{X(n) = i| X(n-1) = j}

Dy Py Pz Pis
| P21 P PP
P31 Py Pi: Pig
Pa1 Pay Pas Das_

.1 0
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0
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O-SC
1

4

O‘SC)

P, = Prob{X(n) =i| X(n-1) =}

P"“I"' —

0.3 0.5
2
0.1
0.2
02 \

0.2

s T
3

C 0.3

Py Py P13 Ps
Py Py Pi; P

P31 _=3 P3s (-—..l[

| P31 Pa) Pz Pas
.5 .1 0
.3

.5 .2
0 @7’5
.2 0 .3

= k)O.S

.3
0
.2
.5
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0.5O
1

0.3

0.1

0.2 02
o A

4
&S(j

P'il} -

“ 0.3 . \_)0_5
PY, = Prob{X(n)=1i Xxl) =7}

-Pn Py P13 Ps i
Py Py Pz Pos

P PsEy ||

N SCow oL

Ps) Psy Pas Pas
.1 0

.3
.5 .2 0
A 75 (3

.3 .5

0
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"Prob{X(m)=1}

' Prob{X (n)=2}
" | Prob{X () =3}

| Prob{X () =4} |

P(n)

P(n+1)=PY P(n)

P(n+2) =P P(n+1) = {(PV}? P(n) = P> P(n)
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.2 0 .3 .52 o .3
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forp>n>m
{P(l)}P—m = {P(l)}p-n{l)(l)}rr-m

Prob{X(p) =i | X(m)=j} =

Z Prob {X(p) =i | X(n) =k} Prob{X(n) =k | X(m) =}
%

f X(r2)|X(rl)(xz | x)=
J:, S yx0 a2 1) fyexe) (1 X)) dx
(fl <r< fz)

Chapman-Kolmogorov equation
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0.5 03 0 0.2]
0205 0 0
0 02 103
030 005
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0.5 03 0 02T0
02050 00
0 02 103]1
030 0 05]0 |

(= I S =

"Absorbing State"

N SCow oL,

"Equilibrium State"

(eigenvector)

.1 0 .3]02037..
.5 .2 0]02407..
4 .5 .2[02963...
0 .3 .5J02503..

0.2037...]
02407...
02963...

02593
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2 questions

Does every finite-state stationary Markov
process have equilibrium states?

Yes
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.5 .1 0 .3702037..] [02037.]

.3 .5 .2 002407...] |02407...

0 .4 .5 .2[02063...| (02063 .

.2 0 .3 .5J02503. ] |02503.
"Equilibrium State"

5 .1 0 .37

3 .5 .2 0| —

0 .4 .5 .2

2 0 .3 .5

02037... 02037... 02037.. 02037..]
02407... 02407... 02407... 02407..
02063... 02963... 02963... 02963..
02503 02593.. 02593 (023593

(You are eventually driven to an
equilibrium state)
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Does every initial configuration converge
to an equilibrium state?

Yes, if P! contains no zeros.

N SCow oLk
© Ul =
w ;NS

102037...
02407...
02963...

02593

150

lc_nmc’w

02037...
02407...
0.2963...
02503 .

02037..
02407...
02963...
025093

(although this
P' does
contain zeros)

02037..]
0.2407...
0.2963...
02593
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